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One of the ultimate goals in condensed matter theory is to make a reliable prediction of the
superconducting transition temperature 7. only through the information on constituent
elements of a superconductor in consideration. A less ambitious yet very important goal is to
make an accurate evaluation of 7. directly from a microscopic (yet model) Hamiltonian
pertinent to the superconductor. If we could find the dependence of 7. on the parameters
specifying the model Hamiltonian, we could obtain an insight into the mechanism of
superconductivity or the competition between attractive and repulsive interactions between
electrons. Accumulation of such basic information would pave the way to the synthesis of a
room-temperature superconductor, a big dream in materials science.

From this perspective, a critical review of the theories for quantitative calculations of 7.
from first principles is given in my talk. In view of the importance to avoid employing the
phenomenological parameters such as the Coulomb pseudopotential z" in describing the effect
of the Coulomb repulsion on the Cooper-pair formation, I focus on the density functional
theory for superconductors (SCDFT) as well as the GoWo approximation to the exact theory in
the Green’s-function approach. I give some concrete results of 7. for actual superconductors
including the pseudoferroelectric n-type semiconducting SrTiOs [1] and the alkali- and
alkaline-earth-intercalated graphite compounds [2-4] with paying special attention to the
surprising similarity in the gap equation obtained in each theory, implying a deep implicit
interconnection between the two theories, in spite of the large difference in their basic
theoretical frameworks [5,6].
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Outline

1. Introduction
o Frohlich polaron model
2. Electron-phonon system in the Green’s-function approach
o Eliashberg theory and the Eliashberg function oF(Q)
o Problem about the smallness parameter &, /E
o Eliashberg theory with vertex correction in GISC
3. G,W, approximation to the Eliashberg theory
o BCS-type gap equation derived from first principles
0 STO (plasmon-phonon mechanism = Uemura Plot) and GIC
4. Connection with DFT for superconductors (SCDFT)
o Functional form for pairing interaction K;;
o Introduction of pairing kernel g;; as an analogue of exchange-
correlation kernel f, in time-dependent DFT (TDDFT)
5. Superconductors with short coherence length
o Hubbard-Holstein model and alkali-doped fullerenes
6. Summary
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Polar Crystals

© Late 70’s: High-T, superconductivity in CuCl and CdS?

- Investigate the possibility of high-T, superconductivity
in doped polar crystals with low carrier density in terms
of bipolaron Bose-Einstein condensation (BEC)

< A research subject given by Prof. Al Overhauser (1925-2011).

Many—electron Frohlich polaron model
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Frohlich Polaron Model

2 2
P = —aw,+p—
2m 2m*(1+a/6)

- Diagrammatic QMC: Mishchenko et al. , PRB62, 6317 (2000).

© Two-electron problem > Interaction between electrons

@y @0 :
47'582 & (q, 0))"8 +[80(q) ’eac]w (q)z (q) 10+ with 30@) an) Eq;Z

VR(‘I, (1))= 2.R
9°e°(q, ») w,=\/ = ®,(0) : Lyddane-Sachs-Teller

© One-electron problem—>Frohlich polaron

- Bipolaron (i.e., preformed pair) is not constructed unless o >>1
YT, PRB26, 1223(1983); Hiramoto-Toyozawa, JPSJ, 1985

“Bipolaron high-T, superconductivity” is not expected to occur.

© Many-electron problem

(g,

—> Cooper pairs can be formed even for small a, but how about T.?

2
CD) + [SO(Q)— sao] wr(q)zco_t(ch)Z _ i0+
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@  General Model for Electron-Phonon System

Hep —ngcpacpﬂ'-i- Z z Z VC(Q) p+qa p qa"cp"a Cpo

i
-E-quAb b+ 3 gx(g)e p+qacw( q,\-l-b 2
PO g#OA

Ve(g) = 4:='ne2 /€0q® (€oo : optical dielectric constant )
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Wp:(cr )= Ul =(cht c-p1)
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[Nambu Representation ] < Singlet pairing

Hep =ze,,svfmwp+ > 3 V(@) (Whqms) (T}, 7a¥)
Q#OPP

+quxb arbar +22 2 97(9)¥}1q73¥p(bar+b 4y)
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~(Trept()epy)  —(Trept(T)e—py)
[Green’s Function] Gpl(r)=~(Tr¥(7) P)=(_(T,:;Ll(:}23ﬂ) —{ch*_:,i(r)cil))

. L wpT 1
Gpliwp)=— ! dr e™r™ (T, Wp(7)¥p)

Off-diagonal part-> Anomalous Green’s Function: F(p,io,)
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Exact Self-Energy

Formally exact equation to determine the self-energy ]

Zp(iwp)=-TY_ § 73G p+q(iwp+iwg) [p+q,p(iwp+iwg, iwp) Vee(g, iwq)
wq g7#0

[Effective electron-electron interaction ] G‘1=G(‘}1 — 3

Vse(Qs iwq‘) G = SR N

Vee(Q! Wq) = 1+ ue(q‘ iwq)ﬂ(q, ‘iwq)

[Bare electron-electron interaction ]

Veu(8, ) =Ve(a)+ Zlor @)1 gy = Ve(a)+ V(4 )

[Polarization function ]

{H(‘L twg)=—T3 3 Tr [TSGp(iwp)Fp,p+q(va iwp+iwg) Gp4q(iwpt z""*‘r;«)”

wp P

Direct extension of the Hedin’s exact set of equations !
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Eliashberg Theory

Basic assumption: @p/Ey < 1 ]

(1) Migdal Thorem: | Ipq,p(iwp + iwg, iwp) = 73

[(2) Separation between phonon-exchange & Coulomb parts]

Vol Ve(q) . 1 Vpn (g, iwg) |
R 1+Ve(q)11(q, ‘.wq) [1+V.(q)11(q, iwq)]2 1+ Vph(?a iwq)H(qviwq)
1+Ve(q)11(g, iwg)
IK(g,in,)~> I1q,0): perfect screening T

neglect for a while 1

[(3) Introduction of the Eliashberg function ]

n 2 20
A f 40P s

[ (0): Density of states per one spin at Eﬂ

[(4) Restriction to the Fermi surface & electron-hole symmetry]
Zp(iwp) =[1— Zp(iwp)|iwpTo+Xp(iwp) T3+ Pp (iwp ) T1
= [1—Z (iwp) iwpTo+ ¢ (twp) 11
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[(1) Equation to determine the Renormalization Function ]

Z(iwp) =1+ T 3 Ap'~p) 1y (wc)]

[(2) Gap Equation at T=T, ]
T A0 S 1y ()

A(iwp)=

Ziwy) A=

[Function A(n) with n: an integer ]

212
224 (27Tn)?

An)= /0 40 PF(2)

[Cutoff function np(oac) with o, of the order of @D]

2 =1 We
wea=F e ()

On Tc from first principles (Takada)




Inclusion of Coulomb Repulsion

[(1) Equation to determine the Renormalization Function ]

[Z (twp) =1+ %p T wE Ap'=P) My (we)| — Inyariant!
p!

[(2) Gap Equation ]

‘A(Wp)_ /3 Z A(ﬁ:? ’){A(P’—P)—ﬂ*]ﬂp'(wc) «— Revised

Z (iwp)

[Coulomb pseudopotential ]

= 1+ #flcn(EF/wc) | uc=N(0)< 1+1Q‘(/q()§)1(q, U >‘

Ve(g)ox =2 11(0,0)=2N(0) — pc =~ N(0)/11(0,0)~ 0.5
Ep/we =0.01-0.001 — p*=0.11-0.15
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Eliashberg Function

Method for ab-initio calculation of &2F(Q)
i 3 2 S0 (0 Knk) P6( =) 8(€nn) 3 € |
F Q T n’

ok > 3(Ens) |

["YqA: HWHM for phonon qj.]
Yarx = 27?%!&(””“’: nk) *[f (€nk)—f (Enttwaga )]0 (En'kr— Enk—waa)

~ 2mwgy 3 |ga (n'Knk)|26(Enk)0 (Enrrr)

nn'k’
’Y A
Z . -Q Wq;\)

Allen's formula 0-'2 F(Q ) =

o N(U)

8 AR =

0:6:2-;;-_';?_51 i 3 Pack.age: Quantum Espresso
k-points : 48x48x48
q(=k’-k)-points : 16x16x16

1 1 by
0 10 20 30 40
£2 (meV)
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@ Consideration on the Ward Identity

Zp(iwp)==TY § T3G p+q(iwp +iwg) Iptq,p(iwp+iwg, iwp) .Pee (g,iwg)
wq g#0

C _ G ., Tta
Vi
N O S A PO ® o

[Include I in terms of GWI theory for the normal state]

Ward identity | YT, PRL87, 226402 (2001).

[iwa‘ p+a,p(iwptiwg,iwp)-q-T p+c-v(i“p+£wq!wp)=Gp+q(*"p+i”q)_1"'3 —73Gpliwp) 1]
In accordance with the Eliashberg theory, after averaging over p
dependence, we obtain

wp Z (wyp ) — wpZ (iwp) {é GISC scheme: YT, J. Phys.

lid = Wiy T" Chem. Solids54, 1779 (1993).

Comments will be given later on (1) case of @,,= @, and (2) consideration on the
effects of Anderson-Bogoliubov-Nambu-Goldstone & Higgs-Anderson modes.

‘1" (iw;,, wp) =
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Gap equations in GISC & G,W,

YT, J. Phys. Chem. Solids 54, 1779 (1993)
[Gauge—Invariant Self-Consistent (GISC) determination of Z(iw,) ]

2wy ) —wpZ (1
[Z(z'wp)= 1+ _u% T ; ) (%ZJJ:J )_ L:;p (iwp) i (we)
pf

[Gap equation in GISC ]

Afion) = ry S ) -] 222 (g )-wyBisy),,, (wc)]

et~y

[Gap equation in GyW, in which we take Z(1,)=1. ]

[A(wp) Ty —

Alwy) (3 (o p)— ™) e (we)
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)

(i

Plot of T, as a

Comparison of T, for Al among Three Schemes

—— GW/(Eliashberg Theory)

12 — GISC =
function of 1" | Z — GoW, =
ith A=0 4619 E‘m -—- Exp. (1.18K) e
with A=0.
5 E
YT, Mol. Phys. E e : B _:
114, 1041 (2016). 0 005 010 015 020 025 030
“‘
1 \ a)l A4 (b) 10
Conclusion : :

LB LWL LI LI L
fec Al T =1.18K]

()T, & A:

GW(Eliashberg)
44 B -4

GISC ~ G, W, # g \=

GW (Eliashberg) ook \\L #2021 ]
@2Z: ) L ]
GISC ~ T SN N
GW (Eliashberg) | | M) ]
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(1) What is the actual meaning of Migdal’s theorem?
In the calculation of T, if all the vertex corrections are neglected, we should
neglect all the self-energy correction as well, in order to satisfy the Ward identity.

(2) Polaron effect
The Ward identity determines the vertex function for @, #w, as

>

but it is useless for @, =@,; instead, it is known as /"=[1-62"/5p] 7;.
If the polaron effect is large, it is much different from /"in the limit of @, @,.
cf. YT & T. Higuchi, PRB52, 12720 (1995).

(3) Effect of Anderson-Bogoliubov-Nambu-Goldstone mode on T,

wyp Z (wy ) — wpZ (iwp)
Wy — Wp

T (iwp, twp) =

(iwy —iwy)T (iwy , itwp) = [iwy Z (iwpy ) —twpZ (iwp) |73 + [¢(iwy ) +(iwp)]iTe
© Amplitude mode (Higgs mode) does not change T,;
cf. T. Gherghetta & Y. Nambu, PRB49, 740 (1994).

© Phase mode, the energy scale of which is that of the plasmon, decreases T,;
cf. YT, J. Phys. Chem. Solids 54, 1779 (1993).
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4

Derive a gap equation in G,W, in which Z,(io,)=1, z,(i®,)=0.
cf. YT, JPSJ45, 786 (1978); JPSJ49, 1267 (1980).

bp(iwp) =T 3 3 Ml‘ ‘Zze(P—P', twp—iwp)

Wyt p'EP (“‘*’p’)z - 62

Analytic continuation: iwp — w + 07, @p(iwp)— ¢F(w)

Gap Equation in G Approximation

[

AtT=T,,

ot~ Sl B Hu-as oo

T 1 1
+.£-d;i—?4Im‘f;g(p—p:!?)lr[f(—w')i-n(ﬂ)](w+n+w,+i0+ w—ﬂ—w’+i0+)

r 1 1
+[f (W) +n(12)] (w_n T T w+n_w-'+3'0+)] }

_ ® duw' ImGF(w')
[ 2 T

Valarion) = Vit - [ 2 B a )
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BCS-like Gap Equation

AR
Ap = 21‘5"/0&%113 m]

ImVE n
2‘{[1 2f(|€p'l)] Vctlp P+ [ Ban—pee R Qflgiﬁép'?)]

+f0 %dQImVef(P“PrQ)[ f(|€p])+n(92)]

N I )
e i e e

Define

[BCS-hke gap equation obtained ]

. =
Ap= —*Z ta h(2’1" Kow by integrating out -variables

r Imi}n(p-p' _Q) - . N
»=Va(lp-p)+/[ 2dn e P~PY) |(The pairing interaction
Koo { j 2+&pl+lé| | can be determined

_[2 (395434 _ o0yl from first principles.
f d002+(|§p|+|£p 1)2 Vee(P pﬁn) p p

(No assumption is made for pairing symmetry. |
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@ Summary for T, from First Principles in G, W

First-principles calculation of T, without employing
the concept of the Coulomb pseudopotential .

. 1T
Anomalous Green's Function: F(p,iwy)=-[ dre™ (T, cpt(r)e_p,)
0

‘Ffl’-i%) = —G(p,iwp)G(—p, —iwp) T > I(p, P iwp, iwy ) F(p',iwy) € Exact
wy P’ gap equation

G W approximation GGy I =V

AR =2epl [ FmF i)
AtT=T, |

A =-Yy 52
P

Pairing Interaction:

®2 ImVE(p-plQ) [2 lep|+lep| '
Vor=V°(p- '+f ZdQ——— = SdQ—F P _y(p pl
Vo=V B PH e Flep] Jo 7 B {lephleg 7 PP
Here the smallness parameter is not @,/E,, but the coupling constant.

© Derivation of this gap equation is given in: YT, JPSJ 45, 786 (1978) , but I did
not understand the real meaning of this pairing interaction until late 2000’s.
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Extension of DFT to treat superconductivity (SCDFT)
—> Basic variables: n(r) and y(r,r”)
cf. Oliveira, Gross & Kohn, PRL60, 2430 (1988).

© Electron Pair Density : X(r, T')(= (¥ (r)¥,(r')))

© Exchange-Correlation Energy Functional: F,.[n(r), x(r, r’)]

© Exchange-Correlation Pair Potential: A,.(r,r')=-dF,.[n, x]/dx*(r, 1)
Ay

E‘.
A= =3 =L tanh =L K,
%:QEJ‘ an 2Tc J

€; : Kohn-Sham level
A;: Gap function for KS orbital i
K+ Pairing interaction (Second functional derivative
of F,.[n, x] with respect to x* and x )
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K;; in the Weak-Coupling Region

[Good correspondence! ]

\ R A =

AjtahEJIC

2 ImVE(p-p\Q) lep|+|ep|
Vi pr=V" -’+f —dnwm_;z Lao-teplTlEptl oo
=V (0B g b Y (i)

2 lei] + léj] ,

2+ (le;] + [ej])?
V(q,i2) V(i) i": time-reversed orbital of the KS orbital i

P W'n‘mp- i wxvro
ipp=q .
Vi g — A1 i For.the problem of det.ermmn}g T,, the KS
/\ orbitals can be determined uniquely as a

" pr >4-ity ity it functional of the exact normal-state n(r).

Scheme for determining T, in inhomogeneous
electron systems in the weak-coupling region

On Tc from first principles (Takada)

Merits of This Functional Form

From the side of the Green’s function approach:

—> For normal properties, we recently come to know that G,W/, is
much better than GW (€ corresponding to the Eliashberg
theory in superconductivity). As long as we do not know about
a proper form of the vertex function and @/E;. 1s not small
enough, G W should be adopted instead of GW,
recommending to use this functional form for the pairing
interaction for a wide range of applications.

From the side of SCDFT:

—> This functional is an analogue to LDA for calculating normal-
state properties. Although it do not always provide accurate
enough information, LDA still always gives useful information
at least for the initial investigation of actual materials. The
same would be true for first-principles calculation of
T, with this functional.
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SrT10;: Old Results

Ti 3d electrons (near the I point in the BZ) superconduct with the exchange

of the soft ferroelectric phonon mode cf. YT, JPSJ49, 1267 (1980)

e 2
Vee(q, iﬂ):ﬂ—z)z m* (band-edge mass)
e is the only parameter

2 . o %
€(q,i2) =€+ — 4""’ 27 119(q, i)+ [e0(@) — €oo) Wgro || in determining T.

224wl

|€u(0) = SD(O)UoTo/WgTol

Pressure dependence

woLo = v€0(0)/ex0 woro

T ——rr T
L srTiog

«: Experiment

m*=2.6

m*= 2.0
6223000 €p=52 :

m*=1.8m, is
most probable.
Pressure effects = 21?11
are investigated -
uy(@)2634 14016 e \ with this m". )
e ' : ml?m,_o:z(; T % rosllay © 2
= =
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@ SrTiO,:Compare with New Experiment

Recent experimental result:
Lin, Zhu, Fauque, & Behnia, PRX3, 021002 (2013)

L SITiOg [ =" Schooley et al. (1965)
+ : Experiment ] —O—Behma et al. (201 2)

/H/% X\

m*=1.8mg
001 ol i Ll

'0.05 0.1 05_ 1
n (10%%m?)

YT, JPSJ49, 1267 (1980)
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Calculated T, for the many-electron Frohlich model
YT, JPSJ 49, 1267 (1980)

*e2
et (mheZ)  (K) g/ (m*red) (K

. FPLASMON-POLAR OPTIC PHONON MECHANISM

T

)
10 . 50 100 500 1000 5000 10000 0 50 100 500 1000 5000 10000
T T T T T T - T T T 3

*re.2 —
w i (mYieg )= 200 K / —_—

L . ] ] . 7 " T
/ull(m'lr,b.mom o 3 e 0 w“?g 74N
(wy /(m*1ed) = 577K ) Y ] R / /74NN
200K NS b= 2 / Ny
r __tusky [/ ~ /// M/ -
| pLason MecHanisM 40K v/
5 (23K) ,

o Ima) 7 1 %% pLasMON-
—_ : POLAR OPTIC PHONON MECHANISM';

P

L .01 L RPN R Lol 5y
10%° 4 10 10'? 10?!
(em™) nim*reg)? (cm3)

n/(m*le,,)a

*Optimum density exists with T."* ~ (5-10)m"/¢, 2 K.
* At very low densities, the polar phonons do not contribute;
1.e., only the plasmons contribute to give T/E; ~ 0.04.
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Uemura Plot

Uemura Plot:
Plot of T as a function of E;
obtained by the penetration depth
Y. J. Uemura et 1., PRL66, 2665 (1991);
Nature 352, 605 (1991).
(Will high-T, be obtained under

the condition of wp/Ey < 17
(<~ Not at all!

qn the phonon mechanism, 7/ ay, is
known to be less than about 0.05.
Because T/Ey =(T/ awy, )(ep/Ey), this
indicates that «p/Ep should be of the

order of unity. Thus interesting 101 . ) . ,
high-T, materials cannot be 0t 10 100 w0t 10
studied by the conventional Ep(K)

(Eliashberg theory!! D
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@y Plasmon as Universal Mechanism

The universal value T/Eg ~ 0.04
is reproduced in the plasmon
mechanism!

YT, JPSJ61, 3849 (1992).

T [units of (m*/med)K]

' z g =y

KVhy is this the case? \ o T ctrimadel T

> Al the metallic 2=) €P4«%+Z§S ) Vo (0,2 +K) el i

po 0

low-carrier density 47re

systems are described ;,%:Z; a0~ o' o

by the Hamiltonian of :

the electron gas, as &p =2—- +Vps(p,p), Atomic structure factor: S,(q)

2j1j243

@I’lg as pF_l <<ao. / Se(@)= (n Ze,q dm)_ Zemq a1 gijaq-ag gijsq-as
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More on Superconductivity in the Electron Gas

1) Kohn-Luttinger, PRL 15, 524 (1965): Stress on Friedel oscillation; | > 0; T.<<IK

2) YT, JPSJ 45, 786 (1978): GyW, approximation; T, ~ 1-10K at low densities

3) Rietschel-Sham, PRB 28, 5100 (1983): GW approximation; T, ~100K

4) Grabowski-Sham, PRB 29, 6132 (1984): Inclusion of 15%-order vertex; no SC

5) Shirron-Ruvalds, PRB 34, 7596 (1986): With static local-field correction

6) YT, PRB 37, 155 (1988): Variational approach with correlated BCS function;
Inclusion of more than 40 vertex corrections; Similar results with that in GyW,,

7) Kuechenhoff-Woelfle, PRB 38, 935 (1988): Obtain the effective interaction by
solving the Bethe-Salpeter equation; Extension of the approach in 1).

8) Canright-Vignale, PRB 39, 2740 (1989): 2D version of 5).

9) YT, PRB 47, 5202 (1993): Same approach as in 5), but extended to much lower
densities to obtain the similar result as that in G,W,,.

10) Richardson-Ashcroft, PRL 78, 118 (1997); PRB 55, 15130 (1997): Same approach
as that in 5); Improvement on the local-field correction and simultaneously
including the phonon effects to apply to the metallic hydrogen.

11) Gross group; PRL 100, 257001 (2008); PRB 81, 134505 & 134506 (2010):
SCDFT applied to metallic hydrogen with T, over 200K.

12) Akashi & Arita, PRL111, 057006 (2013); Verification of plasmon effect in
actual systems: Li & Ca, and also recently in Li doped ZrNCI & HfNCI.
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Graphite Intercalation Compounds

KCs: T, = 0.14K [Hannay et al., PRL14, 225(1965)]
CaCy: T.=11.5K [Weller et al., Nature Phys. 1, 39(2005);
Emery et al., PRL95, 087003(2005)]

up to 15.1K under pressures [Gauzzi et al., PRL98, 067002(2007)]

We should know the reason why T, is enhanced
by a hundred times by just changing K with Ca?

CaC(5
‘ — .YbCe Carbon laye

LIC2 Sr06

L A
KCg
I RbC,CsCyq

RIM
. ) . ) ) d= 45244
4.0 4.5 5.0 5.5 6.0
d (A) CaC6
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Electronic Structure

ﬁSand-structure calculation:
KCq: [Ohno et al., JPSI47, 1125(1979); Wang et al., PRBA4, 8294(1991)]
LiC,: [Csanyi et al., Nature Phys.1, 42 (2005)]

CaCy, YbCy: (Mazin,PRLI5,227001(2005);Calandra & Mauri,PRL95,237002(2005)]
Important common features

(1) 2D- and 3D-electron systems coexist.

(2) Only 3D electrons (considered as a 3D homogeneous electron

~

K gas with the band mass m”) in the interlayer state superconducy

Fermi surface of KGy |Band Structure of CaCg|

R

.

mam T«

! ] (nn0
On Tc from first principles (Takada)
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M= pmZ +2Ze"
i f12D r-electrons
e 3D itinerant
1-F electrons: m*

QM eo:C

This model was proposed in 1982 for explaining superconductivity
in KCq: YT, JPSJ 51, 63 (1982) In 2009, it was found that the same
model also worked very well for CaC,: YT, JPSJ 78, 013703 (2009).
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Model Hamiltonian

First-principles Hamiltonian for polar-coupling layered crystals
cf. YT, J. Phys. Soc. Jpn. 51, 63 (1982)

H=Y epcp,cp,+ ; Y &pBiopeBivpat 2o X L m&(x)brlbu'!'ﬂel—cl"'ﬂel—ph
Po v po Ak kg

1
H.]--|='2' Z 2 Z Vo(ﬂ» 9’:)‘-':+Qcc:'—oc'f-'r'¢"-'n

2; 3
+ Z E E Z E Vo(q k, '+ ) F (kﬁ‘ _E}I: )e"" ‘a::p +n'-'-':'—c. pe'~ke=(27/d) jo'Cp'ps'a'Qivpa

nliv.l =

+3 E ZE E E Z Vn(q k +-&‘1)F(k;+2_?£j) exp{ik:(zi —Z‘:)} af-:p+¢caitv’p‘-¢a'ai’v’p’c’aivw

2o e T T

Hol-ph=22222 (k k, + ) Cp ik, pat kot (25/d)5, 6CPODAK

+Y, I‘Zx 9:3(K)aisp + koBiopeb i+ C-C. G uB)=a, \/ V" +% ) / ek +i)
with
-7

gz(k K+ d) z\/; (kk+ =3 )/2CD,1(K)Gj).(K) {“”’[“ e (”""ZE ] wletg ) ( )}
Gu(K)=i ek ZF(k,+2-a7"') G”"m'”'\/ Vo(“‘ +3/ )/ nel + ki)
7 - 2op (i o 28 : 2
x\/V°<k,k,+%"j)/2wz(K) 6, {( =S E“ﬂc(k e )]+f k( ) (_d/")}
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{® Effective Electron-Electron Interaction in RPA

0
V(Q.i0)= L 5l 1~ Mok, )UK, i1 + Mo, 10) 5, U, (K, i)

V°(q, q,)=4ne?/(e1q* +¢q ) E(K, w)= 1+;—1—%’ (A =TA or TO)
(K, iQ)=E; (K, iQ)+ Vo(k k +2dj)Hm(K_,, iQ)

21:;) 21:;

U(K, iQ)= V°(k kot =

/ e/(K, i)
F(g,)= _[ dz f(z) e"*={1 —3(41,/«4)’}/{1 +(g./4)}
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3 ¥ £YbCe
LiC SrC

b g 2 ol

[y 0F

<0 KCq

=2 of I RbCBCSCB

c:Experiment I
[x: Galcu]atlon

1040 45 50 55 60

[YT, JPSJ 78, ]

d (A) 013703 (2009).
K Ca
Valence z 1 2
Layer separation d ~5.5A ~4.5A
Branching ratio f ~0.6 ~0.15
Band mass m* ~m,(s-like) ~ 3m,(d-like)
cf. Atomic mass m,, is about the same.
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[YT, JPSJ 78, ]
013703 (2009).

© Two key controlling parameters: Z and m*.

© T, will be raised by a few times from the
current value of 15K, but never go beyond100K.
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BIESEFIH/ORDEE

T — T T T T
* Nb Pb I

| oa=1023 [ A=1504
L {Qy=1629 meV Sk {Qy=5.076 meV

5
£ {meV)

SARLILUALERALL LRRRY LALR LLALY LALEALLRAN LAY

Pb
GoWo.

 GISC 3
GW(Eliashberg Theory)

| L ISPY [P0 PP PPN P

GISC

( GW(Eliashberg Theory) -
Exp.(93K) -

Exp. (7.19K)

ZPTTA IYTL VTN PYTTY 1979 PYETY PPN PP IV v

0 0.2 0‘4}.1' 06 08 1.0
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namical Pair Correlation Function

Qse(9,0); Qse(q = 0,0>0) at T=T,
Green’s-Function approach: DFT approach:

D> P> GG
Q. F'a_iring Gorre_[ati?n Functi?n EC'EPS?* + +‘ "

I'g;: Pairing Polarization Function

J :Irreducible Electron-Elsctron (0)
Effective Interaction I : Pairing Polarization Function
in the noninteracting system

e A A
QEJ*HSc-l'Ig

(0)
HSG — c

Qo= .
i TR Qse 1+g119

In this definition of g, both vertex and self-energy corrections are
simultaneously included, in good corresponding to the Ward identity.

N =
On Tc from first principles (Takada) 35

2 Si e V(g.i) V; (i)
n &
: 28_-; QTC P, phioy iic j oy
: e
[Weak-couplmg case] V o= i V.:u
A
Pi-ivyy -p iy i-ivg iy

_[*2 €] + ¢ :
Kij = /0 Pty oeay (g RCLCR

[Use 0jj instead of V; in the general case! ]

q. i ; In the strong-coupling region, the
Jy irtenms ol iSrenalialy [Q-dependence of g will be weak.

i ]
[Note: g corresponds to f,, in TDDFT! ]
o > J i

TDDFT ¢, = - @

On Tc from first principles (Takada) 36
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. 1n the BCS Theo

Te=10"-10"Ef — £_=100-1000 nm
T. _0.361

B BE  Tom0.04E; —> & % 2a

a,: lattice constant

High-T. = Inevitably associated with short &,

e i

e e e . .
dy

Formulate a scheme to calculate the pairing interaction
from the zero-& limit in real-space approach.

On Tc from first principles (Takada)
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Interaction

N-site system

(1) Calculate Q(Sl\g by exact diagonalization
.~ ~ X o1
(2) Obtain g, by g,=-a@l - 11V

O:N
Qv_ Iy
sC 1+§N1—L(3(()::N)

(3) Evaluate g by ;L'angN Take § =3,

Basic observation: The essential physics of electron

pairing can be captured in an N-site system, if the

system size 1s large enough in comparison with &,
- If &, is short, N may be taken to be very small.

On Tc from first principles (Takada)
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Fullerene Superconductors

© Alkali-doped fullerene superconductors

1) Molecular crystal composed of C,, molecules

2) Superconductivity appears with T, =18-38K in the half-filled
threefold narrow conduction bands (bandwidth W~0.5¢V)
derived from the t; -levels in each Cy, molecule.

3) The phonon mechanism with high-energy (w,~ 0.2eV)
intramolecular phonons is believed to be the case, although
the intramolecular Coulomb repulsion U is also strong and is
about the same strength as the phonon-mediated attraction
-20.0, with o the electron-phonon coupling strength (o~ 2).
2 U= 200,

cf. O. Gunnarsson, Rev. Mod. Phys. 69, 575 (1997).
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Hubbard-Holstein Model

Band-multiplicity:

It may be important in discussing the absence of Mott insulating
phase [Han, Koch, & Gunnarsson, PRL84, 1276 (2000)], but it is
not the case for discussing superconductivity [Cappelluti, Paci,
Grimaldi, & Pietronero, PRB72, 054521 (2005)].

The simplest possible model to describe this situation is:

Hubbard-Holstein Model

BH=—t 3 e +3 B
<i,i>,0 1 |

\Hg= —,uz c:faqa+ UCETC,;TCLG“,-FQ)(.C!EG{ +\/5wgz cIac,gg (a; +a!)
o o

Assume g = g, : 2-site calculation , because & is very
short (less than 2a,) . cf. YT, JPSJ65, 1544, 3134 (1996).

On Tc from first principles (Takada) 40
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[T T T T T T T T T T T )
[ 0:KsCe 1 According to the band-
i o]  structure calculation:

30 I I A,Ag_,Cm _
[ 4:Na,Rb Cs, Cq, d d d — dgp
- m:Cs4Cyo (bec A15) 1 |t= tRbE exp{— —(x

SEQU: ]

! 1 |d=ao/v2-6.95A, A=0.554
- Hubbard-Holstein Model _]

B o half-filled d
a =2
B 6 U =38 7 0
10l é @ =c1>.;§'§’°ev 5 The conventional electron-
B Ry = 1-fVy . .
: : - . phonon parameter A is
N A ITT-I_ about 0.6 for a=2.
0
138 140 142 144 146
ay(A)

The difference in T, induced by that of the crystal structure
including Cs,Cy, under pressure [ Takabayashi et al., Science
323, 1589 (2009)] is successfully incorporated by that in Ils:

On Tc from first principles (Takada) 41

Hole-doped Cg, : Carriers will be in the
fivefold h, valence band. > o =3

300 |\|||\||||\\|||\|\|\||\|\|\|||\|\|\|
 wo= 01958V

t= 1.7a at a,= 14.436A
250l [ U=1.905ca,

[ Experiments:

- fee structure
©K;Cq, < Rb3Cyy
= AA'y Can

-sc structure
2 Na,CsCqp

200

150

100

50

= i Electron-doped Gy o =2

-
4"
—

%y
"ﬁrw“?ﬁmﬁuwhu\|\|\|||\|||\|\
14.0 14.2 4 14.4
aD(A)

.(")O
m
==
et I
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-3
(=3
o

S :
What happens for T, if o : I =
becomes even larger than 3?7 [k ﬁﬁm
2 P .
A larger o is expected in a system E 200 % ."!_12?‘“@
with a smaller number of nt- % :E; g
electrons N_: A. Devos & M 5. 100 frm m;*‘;#- ¥
Lannoo, PRB58, 8236 (1998). s s
8 056363045660

Case of Cs; 1s interesting: o=4

The C;4 solid has already been synthesized: C.
Piskoti, J. Yarger & A. Zettl, Nature 393, 771
(1998); M. Cote, J.C. Grossman, M. L. Cohen,
& S. G. Louie, PRL81, 697 (1998).

On Tc from first principles (Takada)

.||H|||||||TT"I‘|:

t=1.7wy at a;= 14.43 \
. . |- U = 1.9050ay -
0
If solid Cj4 is successfully e T

doped = system with o =4 = rﬁ?:?iﬁufﬁbacen Doped Gy =4
2:A A3y Coo
- Room-temperature | -sc structure

superconductor! Hypothetical

Hole-doped Cgpo=3 ___

]lllll[llil[

50 _,.*" Electron-doped Cgy =2

_
|

0

aF

14.6

cf. For aromatic materials, the bond-phonon model like the Su-
Schrieffer-Heeger one seems to be more realistic;
the case of K, picene was studied in
M. Casula et al., PRL107, 117006 (2011);
PRB86, 075445 (2012).
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Summary

19 In the weak-coupling region, the scheme in G,W, provides
more accurate results than the conventional Eliashberg

scheme. In particular, the former determines the Coulomb
pseudopotential 4" from first principles.

29 A scheme based on SCDFT also provides T, with similar
accuracy for the phonon mechanism without the empirical
parameter £, but its current functional form for the pairing
interaction is not good enough to treat the phonon
mechanism and the electronic mechanisms on the same
footing, contrary to the G,W, scheme.

39 In the strong coupling and/or correlation region, much more

work is needed in constructing the scheme for T, from first
principles.
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