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How the lecture will go on?

» Powerpoint (converted to pdf) file will be uploaded in the corresponding ITC-LMS site,
(https://itc-lms.ecc.u-tokyo.ac.jp/Ims/course?idnumber=202135603-00290F01)
by the day before the lecture.

» The lecture notes (in Japanese, English) will be uploaded in the site
https.//Kkats.issp.u-tokyo.ac.jp/kats/semicon4/
by the end of the lecture week.

» Small amount of problems for your exercise at home will be given in the last of the
lecture in every two weeks. Submission deadline of the solutions is two weeks later. |
hope | can collect them through LTC-LMS but if that is difficult I will prepare my own
web script.

» In the very last of the lecture in July, the problems for your report will be given. The
deadline for the submission of the report will be notified then.

» The lecture is recorded on the cloud. | hope | can upload the video for one or two
weeks.

» | hope | can find some ways to get questions from you (via chat, etc.?) 2


https://itc-lms.ecc.u-tokyo.ac.jp/lms/course?idnumber=202135603-00290F01
https://kats.issp.u-tokyo.ac.jp/kats/semicon4/

Lecture Plan

Related site: https://kats.issp.u-tokyo.ac.jp/kats/semicon4/

1) Crystal structure and crystal growth 1) fEELRES &k E kB

2) Energy band, effective mass approximation 2) TXALX—-NY R, FHEEETL

3) Carrier statistics and chemical doping 3) fifkx v Y THiZE R—EL Y

4) Optical properties A) JeSepgvEe

5) Semi-classical treatment of charier transport 5) EBXILED S

6) Homo/hetero junctions, semiconductor devices 6) RE - ~"FOEEL, FEEFIAL Z Ok, BT
(optical, electrical) T) BRIRERSHIC & B TRERE (RTIEF, AR,
7) Quantum structures (quantum wells, wires, Ry R)

dots) by nanofabrication techniques 8) Bt

8) Basics of guantum transport 9) BIEMEIIE, B R—a)H

9) Galvanomagnetic effects, Quantum Hall effects 1 o) z otk (REY =% R)

10) Spin-related phenomena (spintronics) 11) FRuSHALE

11) Topological effects



Characteristics of semiconductors

* Not metal
« Middle range band gap

« \Weak divergence of resistivity with lowering
temperature

Structure sensitive (conduction) properties

 Drastic changes in electric conduction with
ultra-small amount of impurities

« Changes in electronic and optical properties
with guantum confinement structures like
quantum wells, wires, and dots

A SEMI-CONDUCTOR

Yu & Cardona,
“Fundamentals of
Semiconductors”



Crystal Systems

Isometric  Tetragonal orthorhombic Monoclinic Triclinic Hexagonal Trigonal

Fluorite Wulfenite Tanzanite Azurite Amazonite Emerald Rhodochrosite

Geologyln.com




Crystal structure

poly

crystals .
y single

Uniform solids {
amorphous

Crystals: Spatially periodic structures

Unit of spatial repetition  Primitive cell: unit of spatial repetition with smallest number of

atoms
Unit cell: unit of spatial repetition taken as for human to find
ex) GaAs symmetry of the crystal

 ——

face centered cubic (fcc) ’

[001]

Unit cell Primitive cell i



Bravals lattices
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Lattice, reciprocal lattice (1)

Lattice: spatial repetition of the unit structure. ex) diamond structure (fcc)

r =17+ Z lia; =7+ R
i=1,2,3

[;: Integers, a;: primitive (translation) vector

R: lattice vector

- - 1Gr
Lattice potential U(r) U(r) = Z Uge > o
G
Ur+R)=U(r
T a1 = Fes +ey) ar= (e, +es)
. a
[ G -R=2mn (n:integer), .. F=1 ] a3z = 50(% + €z)

G reciprocal lattice vector



Lattice, reciprocal lattice (2)

|A| =a - ((12 X (1.3)

b 2mas X as b 2mas X aq
1 — ) 2 — 9
|4 |A]
2ma; X as
bs; =
| Al

primitive reciprocal vectors

G = Z h;by, (hl integer)

i=1,2,3

> G

G/

Plane that cuts G at G/2 vertically

— unit cell in the reciprocal lattice:

Brillouin zone

First Brillouin
zone

Points with
high
symmetries:

[, X, LW

ex) diamond structure (fcc)
reciprocal lattice: bcc




Inorganic crystals often used as semiconductors: Group IV

Diamond structure (fcc) silicon i v v Vi

s
fe

300mm
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CdTe

(ZB)
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Energy gaps and lattice constants of representative (cubic) semiconduc

Energy gap (eV)

ZnS

Room temperature

Colored stripes:
Lattice matching groups
Znle Cd, .Mn,.Te | — Heterojunctions are available

cdre Lines: Mixed crystals

GaN (Wurzeit)
a=3.19A,¢c=519A
InSb 3.4 eV (RT)

HgTe

5.6

5. 6.0 62 64 6.6
Lattice constant (A) 12



Various methods for semiconductor crystal growth

Czochralski
— \ertical { Bridgman

Floating zone melting
Bulk growth  —

Horizontal Bridgman

— Horizontal { _
Zone melting

. - Thermal decomposition {chloride
_ Chemical Vapor Deposition { organic

(Vapor Phase Epitaxy) Plasma metal
Liquid Phase Epitaxy

Thin film growth = Molecular Beam Epitaxy “Tree-like” classification 1s

. . actually difficult.
Atomic Layer Deposition

— Laser ablation

13



Crystal growth: Czochralski method

~— N @ @
Melting of
polysilicon,
doping

~ N

Introduction Beginning of
of the seed  the crystal
crystal growth

~ N

Crystal
pulling

— T
—
N ——

Formed crystal

with a residue
of melted silicon

Czochralski method for
silicon (Wikipedia)

Liquid encapsulated
Czochralski (LEC)

(GaAs, InP, etc. high vapor
pressure materials)

EENENEE

EERERD
EEEEREECEEE

14
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Bridgman methods

Position

Bridgman-Stockbarger method

Temperature
T2 TS T1

T

Lowering Mechanism

Upper Oven

Lower Oven

~ Temperature Sensor

-~ Melt

Thermal Insulation

— Crystal
~ Crucible

~ Heater

From Wikipedia

Horizontal Bridgeman (HB) process

heater

// \
Q0000000000000 |O00000000000

As GaAs crysli GaAs melt
seed crystal /
N\

quartz bom i /

™ quartz tube

OCOO0O0O0O0O0O0O0O0OOOO|[OOO0OOOOOO0OO0

jacket with heater movements ————>

A 1250°C
610°C /

temperature gradient freezing method

X

-
'

15



Floating zone method

https://www.youtube.com/watch?v=jPijg8Nlamo



Chemical vapor deposition (CVD), metal-organic CVD (MOC

Thermal decomposition

i MOCVD
) e (organometallic vapor phase epitaxy, OMVPE)
S‘;‘;’:e _.é_qb Gasinlet Hot
!:.nass e/_/"" filament . )

conreler | NAAAAN/ ST e
' el Ll Su!lajtrate 0000000
emperature | holder

sensor  <——fo NAANAN (GaAs substrate

susceptor

Plasma CVD

(b)
13.56 MHz

00000000

Self-bias
electrode H2 N2

Gasinlet

Grounded g ASH3
electrode
B (substrate

holder)

Organic metal gases

Tovacuum
pump and pressure 17

controlvalve




Molecular Beam Epitaxy (MBE)

Ultra-high vacuum evaporation Refractive high energy electron diffraction (RHEED)

heating
Substrate

shutter
control
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Chapter 2 Energy bands, effective mass appro
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Bing Concert hall at Stanford University
https://www.deccaeurope.com/Case-Studies/bing-concert-hall-at-stanford-university-california



Bloch theorem and nearly free electron model

(Bloch theorem

— 'k.
Eigenstates in lattice potential: Unk(T) = unk(r) exp(ik - )

Unk (r + R) = u,i(r) R: Lattice translation vector
n: band index

.

One-dimensional system with a weak periodic potential
V(x) =2Vycos(kwx) (kw = 27/a, a: lattice const.)

(K'V|k) = VoK' |(e™* + e ™) k) = Vo(Oprnan, + Onn—r,) Perturbation is important from k + k,,

Energy crossing between |k) and |k — k,,) occurs around k = k,,, /2

Hamiltonian around k = k,,,/2 in the space formed with |k) and |k — k,,)

" h2k? l i hlky, Ak l
2m Yo “ T T om Yo
_ 0 ~ 0 _
= R2(k — k)2 | B2k, Ak k= kw/2 - Ak
Vo Vo €, +
. 2my . 2 2mo A



Nearly free electron model (2)

QA 2 21.2
Ei—ezi\/ezh( k) —I—V02 ezzhkw
2m0

Energy gap: Ak = 0 - 2V

B \i/

\i/
2Vy

L.

\

|

L -;k (b) ’/

/a

(a) ~_

Energy gap due to the phases of

Overall dispersion _
standing waves

Bloch theorem
Yk (1) = Unk (1) exp(ik - T)
Standing wave
e'ikzwzc/Z £+ e—ikwaf:/2 _ (1 e 6—kwx)6ikwa:/2

= (eFw® 4 1)e thwe/2

Lattice periodic function

Points k,,/2 and —k,, /2 are equivalent

Shifts from these points can be

renormalized Into u,; (7)
_)

Reduced zone expression

21



Nearly free electron model (3) Reduced zone expression

extended

—-2n/a —m/a 0 n/a 2n/a  3m/a —Tt/a 0 T/a
(b)

—3n/a
(a)

22



Empty lattice approximation

+E (k)  1stBrillouin zone
I

L

Vo — 0 ezkw _ ez(k—kw)acezkwx

The free space has a lattice periodicity.

[.l.,-l.,-.l] ['1:'11'1] [01-2?0]

1st Brillouin P

zZone
of fcc lattice

Empty lattice
expression
for fcc

distanc | Points num
e ber

(0,0,0) 1
(1,1,1),... 8 1
2,0,0),... 6

[a—

b L B O] oo N D

0
V3
2
V8 (2,02),.. 12
Vi G,LD),... 24

N

[a—



Empty lattice approximation and more realistic band structu

[1,-1,

E (HG2/2m)

r O r @ x kK @&
k
Empty

-11 [-1-1,-1] [0,-2.0]
WL : 1-2.0.0]
11,17 1 [0.2,0]
[2,0,0 \ : : [2,0,0]
st /> |
(LI /0 N\ L) !
2+ - -
L [2,0,0] B
[1,1,1] 4 [1,1,11
1+ : , i
w: [0,00] /' ' \[0,0,0] -
l (3) |
. (3)

r

[

o Ban Ov=d oo OO

N

[t

E (k) (eV)

-12

L r ., XK
Si pseudo potential calculation
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Tight-binding approximation
Single atom on single unit cell

Single atom Hamiltonian: .77, = T + u
T kinetic energy, u: atomic potential

%(Rz) = T + u('r' — RZ)
o (R;)pn(r — R;) = €nppn(r — Ry)

¢,,: eigenfunctions for R; = 0

_ L N LikRiy R

tkr

= f/ﬁ Z e *r=Rig. (r — R;)

7

Lattice periodic function
. Bloch form

H = [Ty, + V(2)|y(z) = By (z)

25



Tight binding approximation (2)

(throbe| H o) = 12 =R (G, (r — R\ + V (r)]|pn(r — Ry))

_ N1 Zeik(Rj—Rz—)
1,]

X (fn(r = R)[[Tr + u(r = Ri) + V(r) = u(r = Ri)l|én(r — R;))
= e+ N7 Y M (v — R)|V() = ulr — R))lén(r - Ry)

t,J

= cnt Y €M 0 (V) = ulr))l|én(r = Ry)).

En(k) = €, + (¢n(r)|v(r)|dn(r)) — Z eikRjtn(Rj)

R;#0
= —(0n(r)|v(r)|dn(r)) Crystal field contribution

tn(R ) —(@n(r)[v(r)|én(r — R;))  Hopping integral

26



Tight binding approximation (3)

t,, nearest neighboronly =t

E. (k) = €y, — oy, — t(F% 4 ™)

=€, — o, — 2tcos ka

Cosine band with the width of 4¢t.

27
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Review of last week

Chapter 1 Crystal structure and crystal growth

Crystal structure ~ * Basis, primitive cell, unit cell
* Lattice, Bravais lattice
 Reciprocal lattice
 Brillouin zone

Semiconductor materials  © Group IV: C, Si, Ge, Sn, SIC, SixGei1
* Group I1-V: GaAs, InP, AlAs, InAs, GaSbh, ...
 [II-N: GaN, InN, ...

* Group lI-VI: CdTe, HgTe, ...

Crystal growth » Czochralski
Bulk < Bridgman Thin film
 Floating zone

« MOCVD
« MBE

Chapter 2 Energy bands, effective mass approximation

Nearly free electron model, empty lattice approximation



Tight-binding approximation (TBA)

Single atom on single unit cell
Single atom Hamiltonian: .77, = T + u
T kinetic energy, u: atomic potential

%(Rz) — T + u('r' — RZ)

Ho(Ri)on(r — R;) = €n,dn(r — R;)
¢,,: eigenfunctions for R; = 0

_ L N LikRiy R

eikr i
= UN Y em#r=Rig (r - Ry)

Lattice periodic function
. Bloch form

—_——
—-—
—

——
—_—

—

—— = -
—— — -

H = [Ty, + V(2)|y(z) = By (z)

Yot



Tight binding approximation (2)

(throbe| H o) = 12 =R (G, (r — R\ + V (r)]|pn(r — Ry))

_ N1 Zeik(Rj—Rz—)
1,]

X (fn(r = R)[[Tr + u(r = Ri) + V(r) = u(r = Ri)l|én(r — R;))
= e+ N7 Y M (v — R)|V() = ulr — R))lén(r - Ry)

t,J

= cnt Y €M 0 (V) = ulr))l|én(r = Ry)).

En(k) = €, + (¢n(r)|v(r)|dn(r)) — Z eikRjtn(Rj)

R;#0
= —(0n(r)|v(r)|dn(r)) Crystal field contribution

tn(R ) —(@n(r)[v(r)|én(r — R;))  Hopping integral



Tight binding approximation (3)

t,, nearest neighboronly =t

E. (k) = €y, — oy, — t(F% 4 ™)

=€, — o, — 2tcos ka

Cosine band with the width of 4¢t.




Methods for obtaining band structure

Experiments  Hot electron transport
 Optical absorption
 Electroreflectance
« Cyclotron resonance
« Photoemission spectroscopy

Empirical calculation Pseudo-potential approximation

k - p perturbation

Local density approximation
Augmented plane wave
Generalized gradient approximation

ab-initio calculation




Angle resolved photoemission spectroscopy (ARPES)

hky = /2mo(E. + hv — x.)sin 6,

hv = E.(k.) — E,(k,
v = Ee(ke) — Ey(ky) Bk 1 = /2mo[(Ee + hv — x.) cos? 0 — V]

ok e 4 GaAs
crystal  vacuum 53 ¥ TSPy o, ]
y ,0-'5 A W ’% < !
224> (O ’ N x a,
v _2 - ; \ ‘3( mc u* H / -
/ vy o L o /
/ v I® 2?%6‘ ) -
al / v o o 1 ’ |
J O /s 0
/ % y | T.C.Changetal.
— / O V! Phys. Rev. B21,
1--'?;'2‘ -6 - {‘O‘ >~ — rd =
= o5 © S ® | 3513 (1980).

%%h ’c.; n“‘.,_
_12_0‘0“-0“‘“ .--’; un\.,xh—
OOQPQOO Oo i
> 14
L I K X I

see, e.g. for short review B. Lv, T. Qian, H. Ding, Nature Reviews Physics 1, 609 (2019). !



Angle resolved photoemission spectroscopy (ARPES) (2)

E-Eypnm (€V)

hv

Y

i

()

amorphous As

SN
GaAs

~10A

Soft-X ray ARPES of GaAs

Bands below Fermi energy can be detected

Strocov et al., J. Electron Spectroscopy and Related Phenomena 236, 1 (2019).




Plane wave expansion

Crystal Schrodinger equation: A (r)

Bloch function (omit band index)

Fourier expansion V(r)

(- lattice periodicity)

h2
2, (3~ () 2 [{ o

Each term in the sum over G IS Z H
G

zero in (4)

2m

[_h—sz +V(r )] (r) = Ey(r)

Y(r) = ™ Tug(r)

For (5) to have non-trivial solution

= Z Vae©T, Z Cge'C
G
(k == G) )} OG + Z VG—G’CG’ e’i(k—I—G)°T =0
GJ’
h2
o7 (k+G)” — } dga + VG—G’] Car =0
~
h2
' |:{ 5 (k + G) } e + VG_Gf] ‘ =0
m GG/
J

1)
(2)

(3)

(4)

()



Pseudo-potential calculation method

2m

| H h—Q(kz + G)? — E} daa + VG_Gf]

=0 — We need V¢

GG’

Pseudo potential method: 1. Only consider valence bands and conduction bands around the

Fermi level. Effect of core electrons in renormalized into
periodic potential.

2. Replace real potential with pseudo potential which gives
similar tailing of wavefunction.

V(r)
V()

ANV SN 2NN

u,(r) Ui ()

band structure: almost determined in skirt characteristics

10



Pseudo potential calculation method (2)

( )
A er(r)
Replacement with e 0 (r <re)
. = —— W = A 0
pseudo potential () =|">(") { re (r>re)
. simplest example

CWSta_l pseudo Vo(r)=> Wg(r—R;—7a) Ta: Vectors pointing nuclei in the unit cell
potential o

. o d
Fourier transform:  v,(K) = /Z Wo(r — R; — 'ra)e‘ZK""Vr
e’

!
r=r—R; -1,

1 —K-R; —a K14 1 o —iK-r'
N: unit cell number ]» R E € ’ E € ﬁfﬂwp (r')e dr
Q: unit cell volume J «@
Z - 1 N .
4 S /g Wy (e mdr’ T =1

=) e K Tl(K)

wy, (K) . form factor (Fourier transform of W, (r)) depends only on potential form
o~ Ko structure factor depends only on internal structure of unit cell 1



Empirical pseudo potential calculation for fcc semiconductors

ex) GaAs Ga:%(l,l,l) As : —3(1,1,1)

a a
. = —(1,1,1 = ——(1,1,1
o m= 2L =g L)
/ R . .
v, (K) = eZK'ﬁ’U;(K) + e_ZK'Tlfoj(K)
= (vzl) +v£)COSK T+ (’Uzl) — vﬁ)sinK T
(b) S a :
= vy (K)cos K - 17+ v (K)sin K - T
Distance from the origin and number _ o _ _
of points in reciprocal lattice Form factors obtained from fitting to optical experiment
0 (0,0,0) 1 vy (111)  v5(220) vy (311)  wvj(111)  v;(200) w7 (311)
: Si —2.856 0.544 1.088 0 0 0
Vi (LLD,... Ge | —3.128  0.136  0.816 0 0 0
2 (2,0,0),... 6 GaAs | —3.128 0.136 0.816 0.952 0.68 0.136
V8 (2,0,2),... 12 CdTe —2.72 0 0.544 2.04 1.224 0.544
Vil G.L1),... 24

12



Band structure of Si and GaAs

conduction valley energy surface

E (k) (eV)
E (k) (eV)

spin-orbit interaction is not taken into account



Definition of effective mass

Group velocity of wavefunction with
energy eigenvalue E,, (k)

Acceleration

With definition

- Inverse effective mass tensor

1

v, (k) = thEn(k)
T VB R) =33 3 S5
( 1 ) _ 1 0’E(k)

m* ), h? Okok;

a2\ )T e

hQ
5= Ok
m
l:1,2,3 l 14




Energy surface measurement (cyclotron resonance)

Motion of charged particle in magnetic field:
cyclotron motion in the plane perpendicular

to the magnetic field

ABSORPTION IN ARBITRARY UNITS

L]
%- HOLES

— FELECTRONG

Ge

ELECTRONS

1
|
\
5
n

ELECTRONS

|
[

HOLES

P

/\

<

AN

— |

1000 2000 3000
MAGNETIC FIELD IIN QOERSTEDS

4000

_qb
_m

1
En:hc a
W <n+2)

Optical pumping — microwave absorption

Cyclotron frequency We

Landau quantization

w,. — cyclotron mass m,

Energy surface: ellipsoid

sin” @

( 1 )2 cos? 6
. — - T
Me m?

Electron-hole distinction « circular polarization

My

(24 GHz microwave)

Dresselhaus, Kip, Kittel, Phys. Rev. 98, 368 (1955).
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Cyclotron resonance

0.40

0.36

0.32

0.28

0.24

0.20

EFFECTIVE MASS m*m

0.08

0.04

7 v
Fo\

\
LA
.

FROM [001] axIS

0_'0 0 10 20 30 40 50 60 70 80 20 100
ANGLE IN DEGREES IN 110 PLANE

*
m/m

EFFECTIVE MASS

044

0.40

0.36

0.08

0.04

—
o
©,

|

—[111]
—[110]

0
-10 0O

10 20 30 40 50 60 70 80 90 100

ANGLE IN DEGREES IN 110 PLANE

FROM [001] axis
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K-p perturbation

2
Crystal Schrodinger equation: HY(r) = [—f—mw +V (r)] V(1) = Ey(r) (1)
Bloch function Ynk(r) = €™ upi(r) (2)
Equation for lattice periodic [_ Vs Vir) + LA V} Unk(1) = Enting(r)  (3)
function 2mg 2mp Mo
R
Perturbation by k-dependent term Hy=H(0) H'(k)=-——i—k-V
0 mo
Good approximation for small k — band edge information
Pl
(a) In the case of no degeneracy [ “ik(T) = wio(7) + > %|_ — gj wio(T) i) = [uio)
gEL
N (|27 15)1°
L Ei(k) = E;(0) + (i|5"}3) +§ EF,

gl 17



k-p approximation (2)

(b) In the case of n-fold degeneracy in ugo(r)  {ubo (G =1i,---,n)} (= {l05)}) orthogonal

n

Approximate the perturbed wavefunction [uor) = Zl A;;(k)|0j)
o

Substitute to the equation for u [ + A — Eo(k)]|udy,) =0
Taking inner product with |0i) ZAij(k?)[(Oﬂ%mj) + (0i|.52105) — (0i| Eo(k)|05)]
j=1

= Eﬂ: Aij (R)[(0i]£107) + (Bo — Eo(K))éi] =0 (4)

For eq.(4) to have non-trivial solution
[ (0¢].527107) + (Eo — Eo(k))dij| =0 ]

18



Spin-orbit interaction

Spin-orbit Hamiltonian

spin-operator
From identity

label=a-(bxc)

=—-b-(cxa)

eigenequation

h
4mc?

) (0 1 (0 —i (1 0
0= (03,0y,0) =11 o) %=\; o) ==\o _1

{ p? k2 R h

t7/1'%,0:

o-px(VV)

— +V k -
2m0+ +2m0+m0 7T_|_4m%c2

p-O'XVV] ink) = E,(k)|nk),

o xXVV

T=p-+
v,0) = [v0) ®|o)  |nk) = Z CnpolV 0’

v',o!

4mc?

W2k h v’ vy’
Z E, (0) + Oy Oger + —k - PO.O.I + Ao'o" Cnv'c! — En(k)cm/g
— 2m m

52

4m?2c?

Pg';: = (vo|n|V o), AYY, =

(vo|lp-o x (VV)]|V' a")

19



['-band edges of diamond and zinc-blende semiconducto

22
e J unperturbed equation: sz|¢) = [— ZZ +V(r)} ¢) = Ep|¢) E 4
\ 0
& lect
)Ak Diamond, zinc-blende: formed from sp3 orbitals / CIetton
* \) L0 18), 1%, V), 12) 1
(Is); [p2); py), |P2))
: h? h -
perturbatlon W + t%%o = —Zm—ok V — 477’%020. . (p X VV) heavy hole :
{150,1X),1¥),12)} = {IS). |£) = (1X) £4[Y))/v2,12)} 7<
Ev2
non-zero element P = i(S\pw\X) = i(S\gg)yn/) = i(S\pzjz>, light hole
myo | myo ) /‘\
A= _47??@ (X|[VV % pl,|Z) xyz cycling spin-split off Eys
0

(£ 1 |HolE£ 1) = (x| [Hol|E ) =+A/3,
(£a|#o|Za') = (1 — daar)V2A/3  a: Spin coordinate 20



['-band edges of diamond and zinc-blende semiconductors

<SO&‘%|SOJ’> = 5aa’Ec:

H+, Z, —Ya|7B{+, Z, —}a') = bau E,

Hamiltonian .77 expression

1S 1) 1S ) I;? + ) II;kﬂ -4 1zt 1Z])
S E, = 0 __im 0 Pk, 0
. V2 Pk Ve Pk
S 0 E. 0 _ i 0 — 0 Pk,
1S ) . . v 7
-+ —— i 0 0 0 0 0
+ 1) 0 _F \/’%‘ 0 E, — % 0 0 @ 0
P*k A 2A
—1) e 0 0 0 E,— — 0 0 V24
V2 3 3
) 0 Prky 0 0 0 E,+2 o 0
V2 C3
2A
Z1)y | P*k, 0 0 ‘fT 0 0 E, 0
2A
Z ) 0 P*k, 0 0 fT 0 0 E,

21



['-band edges of diamond and zinc-blende semiconducto
Eigenvalue equation

A E1
)\ — E’U —I_ o 9
3 electron
2A A A
AN=E)|(A=E,+=—= ) (AN-E,— =) —|PPK*(AN-E,+ =) =0.
3 3 3 e
C
Ignoring the term |P|?k? we finally obtain: -
R2k?  |PIPk? [ 2 1 heavy hole
Eelk) = B+ o0 | |3 [E TE +A]’ . E
A : 5212 P B, +A/3 7< iy
Eyi(k)=E, + — ,
1( ) * 3 - 2m0 . EV2
A B2 2|P22 lighthole | oA /3
EvQ(k) :Ev+_+ - )
3 2m0 3Eg . . /
spin-split off Eys

C2A K |PPR?

E,=E,—E,—A/3

22
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(k2K2 + k2k2 + k2k2)
"™y y'vz z™Vx

light hole

+ AR?F |/ B2kt + 2
+ AK?

L2
3

A

heavy hole
3
Ey

E,(k)=FE,+

Summary of k - p second order perturbation
Eysp(k)



Table of band parameters

E- FE;, EAn FEs« m;y m" my Al |B| |C]

(V) (V) (V) (V) (mo) (mo) (mo) (V™))
C 11.67 12.67 545 0.006 1.4 - 0.36 3.61 018 3.76
St 4.08 1.87 1.13 0.044 0.98 : 0.19 4.22 0.78 4.8
Ge 0.89 0.76 096 0.29 1.64 : 0.082 13.35 &.5 13.11
AlAs 295 2.67 216 028 2 - - 4.04 156 4.71
GaP 2.7 2.7 22 0.08 1.12 - 0.22 4.2 1.96 4.65
GaAs 1.42 1.71 1.9 0.34 - 0.067 - 7.65 482 T7.71
Gasb  0.67 1.07 1.3 0.77 - 0.045 - 11.8 8.06 11.71
InP 1.26 2 2.3 0.13 - 0.08 - 6.28 4.16 6.35
InAs 0.35 145 2.14 0.38 : 0.023 - 19.67 16.74 13.96
InSb  0.23 0.98 0.73 0.81 : 0.014 - 35.08 31.28 22.27
CdTe 1.8 34 4.32 0.91 - 0.096 - 529 3.78 5.46

Lundstrom “Fundamentals of Carrier Transport” (Cambridge, 2000).
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covalent

0.14nm

)
In
=
S
S
S
O

~~
<
m
_I
(T
o
e
o
=
9]
X
D
—
D
i
d
o
-
(qv]
N—’
=
—
D
o
qe]
&
I
-
9
(p)
-
D
=
b
o
E
<
B
-
D
e
(@
(q0]
—
O



Graphene lattice/reciprocal lattice structure

Atomic orbitals Honeycomb lattice
Qo9 K >
N
3 x sp® AOs
in the plane @

unchanged 2p,



Graphene lattice/reciprocal lattice structure

Lattice: unit cell Reciprocal lattice

A Ky

NN
92020,
;X TN/



Tight binding model

Sublattice wavefunction ~ ¥a = Y exp(ikr;)o(r —7;), g = Y  exp(ikr;)p(r — ;)
jea jeB

tight-binding (Yao|g) = Nbopg (o, 8= A,B)

Linear combination W= Catha + Cpibp = (CA)

(B
Hap = (¥a|2|Ya), Hps = (YB|H|YB),
tight-binding Hap = Hpp = (Ya||YB)
Hamiltonian equation H o
_ (Haan Hap) [(Ca) B Ca
o=l ) ) -
: 1
Eigenvalues: E=ox (HAA + Hgp + \/(Haa — Hgg)? + 4\HAB|2)
H H
_ Han | Hanl _ o bl

N N



Sublattice transition term

Hap= S explik(r; — m)] {6(r — )| #o(r — 7;)),

leA,jeB

Take the nearest neighbor approximation:

kody =" k-dy=

k,a k. ky
d X o + 5 ]a
N

ke kg
(F) k'dS_(_zx/ﬁ 2)
(p(r —7)|[H)p(r —7j))r = £ :constant

2

3
hagl® =) exp(ik-d;)| &

| Y=
cosz—|—cos2

V3k,a kya ka)£2



Dirac points In k -space

E (unit:y,)

E—hAAﬂ:f\/1+4COS

kr =

E:hAA:tg‘].—l—QCOST

3a

V3k.,a kya

kya

47 \/_a
)%hAA f Kz |

A Dirac point

cos T + 4 cos?

'

A

kya
2
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Review of lecture in the last week

Chapter 2 Energy bands, effective mass approximation

Energy band calculation  Nearly free electron approximation
Tight-binding approximation
(empirical) Pseudo-potential calculation method
K-p perturbation method

Energy band measurement Angle-resolved photoemission spectroscopy (ARPES)
Cyclotron resonance

Example of tight-binding approximation: Band structure in graphene



Contents today

Envelope function (effective mass approximation)

Chapter 3 Carrier statistics and chemical doping

Density of states

Definition and properties of valence band hole states
Carrier distribution in intrinsic semiconductors

Shallow hydrogen-like impurity states
Shallow impurity states in Si

Doping and carrier distribution



Envelope function (effective mass approximation)

1 ) 1 02E(k)

Inverse effective mass tensor: ( = W2 ook,

m*

Problem: Non-uniform perturbation potential U (r)

h?V?

2m

Schrdodinger equation {— +V(r)+ U('r')] C(r) = [Ho + U(r)]C(r) = EC(r)

Expand {(r) with Bloch  ¢(r) =) f(n. k)vu(r) =) f(n, k) uar(r)e™”
function Y, (1) = |n, k) n.k n.k

(n',k'| -  [Bo(n.K)—EJf(n' k') +) (0, K|Uln,k)f(n,k) =0
n,k

Fourier transformof U(r)  U(r) = / dqUe~ia

Fourier expansion of uy /g (7)unk(r) Uy (1) Uk () = Z bkt (G)eCT
G



Envelope function (2)

Q,: unit cell space,
vo- unit cell volume

— (27T)3 Z Uk’ k-G bn'k'nk(G)
G

Assumption: U(r) varies little in — Ul is finite only for |q| < 7/a
the scale of the lattice constant

/ T
kK—k~G <

. ) ¢
U(r) IS weaker than the lattice 0 KU k) &~ Urs i
potential: Elements between
kdifferent n are negligible

/ [Bo(K') — Elf(n. k) + ) Up—if(n, k) = 0



Envelope function (3)

Assumption:  Unk = Uno Cn (1) = uno Y F(n, k)€™ ™ = up fr(r)

-+ U] £r) = Ef()
f(r) 2m
U(r) ) Effective mass equation

— — — — — ——— oy, — o - . w— E— E— e




Derivation of effective mass equation with Wannier function

Wannier function (WF): Expansion by Wannier functions
Fourier transform of Bloch function o(r) = Z fn(Rj)wn(r — R;)
1
wp(r — Rj) = ——= exp(—tk - R;)nk(r)
NZ > (|l f +Z (15415 f Ef(R;)
J.v'
n (ik - Rj)w,(r — R .
() = = ST OBlk R)ualr = R) Sl ot R\l - AR
jf
WF tends to localize around the lattice points. (i)"Y = (0|76 —R; + R;) = ho(R,; — R/
WF are orthogonal.
(w*,(r — R |wn(r — Rj)) = ;51 0nn Effective mass equation
Effective mass approximation 72
+H4(r)| f(r) = Ef(r)

2m

A + Hi(r)|o(r) = Eo(r)



Ekimov et al., Nature 428, 542 (2004).

——0GPa
10l —2—2.8 GPa
= 64 =
5 E 8
P 3 410.0
E 6t
S 4 §
4t o1
-; \.:)
- =
ol9 1-0.2 |
! 0
1% ' {-0.3
: 1 2 3 5
Diamond 1 IR L L AR
0 50 100 150 200 250 300

T(K)

Boron doped diamond

Chapter 3 Carrier statistics and chemical doping



Density of states

IE) =

-z Number of states per energy (per volume)

1/ L\ dvy(k)
Le (2%) dE
1 dVy(k) dk
(2m)¢ dk dE
1 mo dVd(k)
(2m)e h?  kdk

1 2m0

th\ E
mo




Electrons and holes

vacuum

E(k)

single hole state

E (k)

Electric field E

E
h

Equation of motion of the empty state

Fermi (electron) distribution function

fr(E)

T — 0 Step function
vacuum

LF!

vacuum total current J = (—e)vg =0
k

single empty
state at K In J(k) =) (—e)vp — (—e)vi = evy,
valence band K/

All the electrons in the v.b. move in k-space in this way. So does the
empty state.

dv

L eE
) =

m =(—e)E — (—m”

. dv
dt

felB) = (B = Br)/koT) +

1

10



Definition and properties of valence band hole states

/

®

/] Ve
.

|
|
|
Ik
I:
|
|

\e!\

NN () k=K

hole band

Definition: single hole

valence band electrons with a single empty Bloch state

Because Z k. =0 inthe vacuum state.

(ii) en(kn) = —ec(ke) Energy measured from the valence top

(i) vn = v,

o .
. .
X
Rl
I .
*as?

(Iv) mp = —me

11



Carrier distribution in intrinsic semiconductors

Hole distribution function

1
1+ exp(Er — E)/ksT)

Numbers of electrons and holes exist between E and E + dE

9.(E)dE = 2.(E)f(E)dE,
gn(E)dE = Z,(F)|1 — f(E)|dE = Zn(E) fr(E)dE

Approximate density of states with those of free particles
\/ 2m*3
7.(E) = W%; VE—E,

\/ 2m23
9n(F) = vV E, — E (valence band)

m2h3

)

(conduction band),

12



Carrier distribution in intrinsic semiconductors (2)

Maxwellian approximation

fr(E) < U(E = E)
fn(E) < U(E < Ey)

B /OO (E)E — V/2m3 / VE — E.dE
" 21 Jp 1+ exp(E — Ep)/kpT’
B /E (E)E — V2m;3 / VE, — EdE
. — 0o T2h3 1—|-6Xp EF— )/kBT
fr(E) ~exp(Er — E)/kgT
frn(F) ~exp(E — Eg)/kgT

, (miksT 3/2 Br — B\ _ Er — E,
n = ex = N.ex
2mh B kBT p ]{JBT
mikpT >/ E, — Erp B, — Erp
— 9 h = N,
b ( onh ) PN kT PN kT

. effective density of states

Ne, Ny

13



Carrier distribution in intrinsic semiconductors (3)

_ E, — E. E
Mass-action law np = N.N, exp ( T ) = N.N, exp (——g ) =n;
B

: . n;: intrinsic carrier density
The charge neutrality condition 7 =p

E.+ E, kg1 . N, E.+ E, 3kgT . my,
- > T2 "W, Doy
E.+ F,
T—0: Fp — —g
Fr — E; n
= . : E _EZ:k T].n_
n nzexp( T ) F B ,

General expressions

14



Doping and carrier distribution

I, 1
® ‘ ®
acceptor
| emits an electron hd emits a hole
4 ] ] ]
Be : Donor concentration is higher: n-type
AMUNDL | ROR . . .
Sz I0SHE Acceptor concentration is higher: p-type
Mg Al
24305 12698753 | Donors and acceptors compensate each other.
2 .
Zn
i
65.38 o
O L ' For silicon ~ Donors: P, As, Sb
ﬂinﬂiﬁif&*"‘" T Acceptors: B, Al, Ga



Impurity levels in Si and GaAs S. M. Sze, Physics of semiconductor devices

LiSb P AsBiMg O Fe TaPb Te N W Cr C Sn K Ge Ti Sr Cs Se Ba S MoMn V Si Na

—— Ec
4 I]Etl.ﬁlﬁﬁ,ﬁ{ﬂ'_ﬂ*l—ﬂg =ﬂ2 -1 2 19 =.08 12
26132.14 14 = &= 22025 25 26 27 08 28 3 4, 3 4 = < = Y
Si 23 43 4] 3=4] ---_*T'—'—‘j—ﬂ EL. 35 45 = 36
L12eVE - - - . _ _ = L == S S
42 4 K 3
=-=].3_ 37 34 35'5 £ ‘5-43343;1%'93 4 = ‘32";@,353333
25 - 27 25 =_T - = 2 = 7 =l
= 0?3*'._—1.5 17 31 g — 2 - = 53 78 oL 29 =2
044 _ 2L -— 19
v LS=08
B Al Ga In Tl Be Pd Ni Cu Cd Zn Co Pt Au Hg Ag Ey
(a)
S Se Ge S Sn Te O
N N B — Ee-
0058 0059 006 .006 006 03
e
GaAs
63
=
1A42€V b = = = m e e e e e e e mm == = R e e
53 67 52
4
=
37
= 07 09 095 L M2 = %,9
050 M0 U3 0B = 4=
' 37 026 028 028 D3] D802 B - =023 E,

C Be Mg 7Zn Cd Li Ge Au Mn Ag Pb Co Ni Cu Fe Cr



Shallow hydrogen-like impurity states

Conduction mass Is isotropic and unique.

and the dielectric constant.

001
A
] ] h2V? e? >
Effective mass equation {— S 4W€0€r] f(r)=Ef(r)
W 010 We can readily use the results of the hydrogen atom with replacing the mass

100 E”:Ec_iy? (n=1,2,---)
saAs 1s wavefunction P1s(T) = 1*3 exp (_L)
W&B aB
e
e 4 Effective Rydberg constant:  Rry* = e‘'m* _mt1 Ry
- Al B 2(4mweeg)2h? m €27
/ . . Ameegh? m
\/\ Effective Bohr radius: ap = — 5 = —eap
I FANANANI I NAANAN N
AVRVEVAVILVAVAVAYE )




How good Is the approximation

Semiconductor

Binding energy

Experimental binding energy

GaAs

InP

InSb
CdTe
/nSe

from (4.24) [meV]

5.72

7.14

0.6
11.6
25.7

of common donors [meV]

Siga(5.84); Gega(5.88)
Sas(5.87); Seas(5.79)

7.14
Tesp(0.6)
II]Cd (14); A]Cd (14)

Alz,(26.3): Gazy(27.9)
Fse(29.3): Clse(26.9)

18



Shallow impurity states in Si
Donor biding energy in Si (meV)

--.--“

Thermal
Measurement
Optical 32.8 45 53.7 43 70.6
2 k2 k2 .
For [001] spheroid P, (k) = f i (k> — ko) ]
2 Tt my

ulﬁl

2 2 2 2 02 2
Effective mass equation {_25 (8 0 ) h* 0 ¢

022 " 3y2) T am 97

] F(r) = Ef(r)

2m; 022  4meger

2 2 2
Variational method ~ f1,(r) = L exp (_J YL 2 )

ma?b a? b?
- E <1S> (meV>

14.2
Ge 64.5 22.7 9.2

Not sufficient agreements.
Need more accurate calculations.

19



Doping and carrier distribution

n: excited electrons,
np: captured electrons

Entropy S=rfglnW

Uniform donor concentration Np n+np = Np

!
Helmholtz free energy r =0 — TS = Epnp — kgT'1ln |2"P Np!
TZD!(ND — nD)'
. N i Y
Starling approximation = B — OF _ oo _ kBTln[ (Np nD)]
InN!'~NInN — N on no

D
Donor level

—1
np = Np [1 + lexp (EDkB_TEF>]

Ex—Ep\]™
For acceptors na = Na [1 + 2exp ( T )]

note: the formula is symmetric if we introduce captured hole concentration ~ PA = Na —na



Doping and carrier distribution

Er is given fromnor p as

Ep ~ Ep 4+ kT |In (_) 93/ (_) |

N¢ N¢
(P 50 P\

Fe~ FEv — krT |1 — 2 —
! v _H(NV>+ (NV>_

In the case of n-type semiconductor with compensation  n+ N4 = Np —np

n + Na 1 (ED—EF)

Np— Na—n 2 P\ 7 T

n(n + Na) 1

— ZN, _
Np—Na—-n 2 eXp(

AFp
kT

), AEDEEC—ED

21
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Review of lecture in the last week

Envelope function (effective mass approximation)

Chapter 3 Carrier statistics and chemical doping

Density of states

Definition and properties of valence band hole states
Carrier distribution in intrinsic semiconductors

Shallow hydrogen-like impurity states

Shallow impurity states in Si



Contents today

Doping and carrier distribution
Temperature dependence of carrier concentration

Exciton

Chapter 4 Optical properties (bulk)

Quantization of electromagnetic field

Number state, coherent state

Optical response of two-level system

Optical absorption with inter-band transition



Doping and carrier distribution

n: excited electrons,
np: captured electrons

Entropy S=rfglnW

Uniform donor concentration Np n+np = Np

!
Helmholtz free energy r =0 — TS = Epnp — kgT'1ln |2"P Np!
TZD!(ND — nD)'
. N i Y
Starling approximation = B — OF _ oo _ kBTln[ (Np nD)]
InN!'~NInN — N on no

D
Donor level

—1
np = Np [1 + lexp (EDkB_TEF>]

Ex—Ep\]™
For acceptors na = Na [1 + 2exp ( T )]

note: the formula is symmetric if we introduce captured hole concentration ~ PA = Na —na



Doping and carrier distribution

Ep ~ Ep 4+ kT |In (_) 93/ (_) |

Er is given fromnor p as ~|: - g
Ep ~ Ey — kgT |In (i> 4 973/2 (i>

In the case of n-type semiconductor with compensation  n+ N4 = Np —np

n + Na 1 (ED—EF)

Np— Na—n 2 P\ 7 T

n(n + Na) 1

— ZN, _
Np—Na—-n 2 eXp(

AFp
kT

), AEDEEC—ED



Temperature dependence of carrier concentration

(1) Impurity regime |: Temperature is very low.
n < NA <K ND

 NoN. AEL
~ X —
ONs P\ T LT

(1) Impurity regime II:
T is a bit higher. Na <n < Np

o (NeNo 1/2 o [ AED
1\ 2 P\ 7 2ksT
(111) Exhaustion regime:
kgT > AFEn n ~ Np — Na

logn

(IV) Intrinsic regime: direct excitation between
the v.b. and the c.b. is not negligible.

[11

exhaustion

I1

impurity 11

AEL/2

impurity |

-
e
T
b
el
y
.
T

1k

T



Degenerate semiconductors
sparse impurities: insulator
100 . . . . | : .
.

dense impurities: metal

‘s o ;
<
p—
*® ‘ . ‘
S
. .

Empirical metal-insulator criterion

0.1

nl/3ak = 0.26

C



Excitons (Wannier type)

Free excitons

hole electron

I \

E(k) A
continuous

Wy

photon

A\

+

+ + +

—

—

o o m;‘e4 1
Binding energy bx 8h2(ege)? 12
1 1 1
Reduced mass .= .t
my  mi  my
h2 k2
Exciton Kinetic ener Fyx =
9y K 2(me + my,)
Energy forexciton . _ . RPE* mpet 1
creation TR 2(me +my)  8h2(epe)? n?
Excitonic complexes  (+) :donor + :hole - :electron

L Excitonic 1ons

(bi-exciton, trion)

L Excitonic molecule






Quantization of electromagnetic field

1-d harmonic osci o (& g fq 4 L
-d harmonic oscillator - <—— +q )¢ =FE¢p = hw (a a + —) ¢ = E¢
up/down operators  , — % (i " q) ot L (_i i q) C laal] =1

: h
Eigenenergy g, = hw (n + %) (n=0,1,2,---) EW . Zero-point energy

Starting point: Electro-magnetic field is a set of harmonic oscillators (Jeans theorem)

2
E = / <'50E2 + il ) T — Apx = Sk (1Prx + weQrr), E = ! E (Px + wie Q)

Quantization: — H = 5 Y (Poy +wiQin)s  [Qrrn, Pin] = iAbpp 055
5

e

: T 1 . - 1
Creation/annihilation 1 — (WeOrx — iPky), Gy =

operators 2hon 2N

(kak)\ F ipkA)

[am, a};,)\,] = Ok Orn/, (others) =10




Quantization of electromagnetic field (2)

~ 1

t(kr—wpt) —i(kr—wpt)
Z\/2€0kaek)\ Q)€ k —|—CL NG e }

0)
)\ U238

{nia}) = [H (ak’\)m:/\

(sl e )) = 3 o (s + 5 )

kX

n

[v) = exp(—|v[*/2) exp(va)|0) = exp(—[v]*/2) ZT n)

11



Properties of number state, coherent state

Number state

Expectation vallle of ({naHE{nia}) = —({ni}(0A4/08) [{nga}) = 0
electromagnetic field is zero
tum fluctuation is non- 2% ficor ! !
Quantum fluctuation is non nisHE [{nea}) = Z — (ngx + = | = — {neHH|{neal)
zero even for |0) . €V 2 coV
Coherent state D — e (_@) - ot
o) = exp (=5 ) 3 =i
. e~lol®|g2n : T
Probability of n-photons P(n) = ' Poisson distribution
n.
. 2hw ,
(al B(r, Dla) = =/ JFlalerasin(k - = wt + 9)
If we write @ = |a|e'? ‘[ =
(a| B(7, t)|a) = — lalk X egysin(k - r — wit + @)

€owr V

Expectation value: classical electromagnetic field 12



Optical response of two-level system

Three ) ) —O— |b) —O—
h
fundamental “VVWW\» T hw, hwy | AN\ W
processes !
la) —O— |a) la)

(a) absorption (b) spontaneous emission (c) stimulated emission
Hpla) = Eqla), Ip|b) = Eplb)

Y(t) = ca(t)e™ P Ma) + cp(¢)e™ /R |b)

(p+eA)?
2m

€
Hamiltonian with electromagnetic field 725, = +V(r) = 74 + EA ‘P
Light absorption process A = Agée'cos(ky - 7 — wt) _
assumption
eAp _,

Perturbation part in 7%, 7' = =& pcos(k, - r — wt) (a| ' |a) = (b|#'|b) = 0

m

13



Optical response of two-level system (2)

Schrodinger equation:  ix l% a)e~iBat/h | %|b>e—mbt/h] — o A |a)e Bt o o, 3 bye BT

dt
T T T 4 dca B Z , iwot
L o
d ' .
%0 - et /
.t
el () =g e R = —%fo (b7 |a) (¢')e " dt' (= ¢ (t))
i L e R Y-
)y =1- o) dt' (a| 7" |b) (") e~ 0! [/ dt” (b| A" |a) (t")e" ! ]
0 0
''''''''''''''''''''''''' ot U Foiwotw)t _ ] giwo—w)t _ 17
A ~_t ! ! iwot __Vba € e
%’:%é-f)cos(kp-r—wt) cy(t) ~ tha/O di’ coswt'e™" = —— [ ST e —
Ignore k, ;i Vba sin[(wo — w)t/2] oi(wo—w)t/2
- h Wy — W

2 [Voal® sin®[(wo — w)t/2]

Py(t) = |ep(t)]? ~ = (o — ) Energy conservation

14



Rabi oscillation

Rotating wave approximation (a| A |b) = Vab Yab iwt

(drop e~t@¥) 2

( dc 7
e _ _ - —i(wo—w)t

} di o5 CoVave )
dcb 1 .
Cas e ava z(wo—w)t-

. di op @ Vbt
dQCb ; dca |Vab|2
7e DR e

| 1
solution ¢ (t) = cpe™+t et Ar = 5 (6 £ /62 + |Vap|2/P2), d=wo—w

initial condition ca(0)] =1, c3(0) =0

UVab| ;
cp(t) = LR;;| 9t/2 gin(wrt/2),

- /
Cq(t) = 01/2 [cos (wi) — zi sin (W—Rt)}
2 WR 2

Rabi frequency wr = /02 + |V, |2/ 12

Rabi oscillation «[




Oscillator strength and selection rule

. . 2 2 2
Oscillation strength for |0) — |y ) % _ (@) (Boy|E- 5 [0V = (ﬂ) P,

mh mh

Application to an electron-hole localized system (with main, angular momentum quantum number)

(wavefunction)=(lattice periodic)x(envelope) P.(re) = ucfe(re), Pn(rn) = uyfu(rn)

Envelope functions varies slowly P, = [(®,|€- p |®1)|? = [(uc|@- P |ue) 2| (fel fu) |2

— the momentum can be ignored .
: = [(ue|@- P |uv) 6 mn 0L, L |
Selection rule

Ne = MNh, Le :Lh

Oscillation strength (@)2 wle p Lo, o 5p sin?[(wg — w)t/2]
(absorption, stimulated emission) mh ’ AT ()&
For spontaneous emission 2 in2[(w, —
P  |(uele ) e O 1, T L=
(photon number part — 1/2) 2m?eohw (wg — w)

16



Light absorption and luminescence in semiconductors

Application to extended states

E(k)

hv

hv

\

k

\

(a) direct absorption

k

(b) indirect absorption

»

k

(c) photoluminescence

17



Optical absorption with transition from valence to conduction

Plane wave vector potential

Poyinting vector

W: number of photons
absorbed per unit time

perturbation

Conduction electron |ck),
valence hole |vk')

Transition probability is

A = Apecos(k, - r — wt) k, = (0,0,k,), e =(1,0,0)
E:—%, H — rot A
ot L4
= 2A2
I=(FExH)= eocn;u e, n=c/c = \/[e1 11

I(z) = Iyexp(—az)  Definition of absorption coefficient a

hwW 2hwW
I eocriw?A?

(ckle - plok’)|*0(Ec(k) — Ey(K') — hw)

= M|*6(E.(k) — Ey(K') — hw)

18



Optical absorption with transition from valence to conduction (2)

Bloch electrons Br o ok ,
M= [ SR (e (p 4 b ue (r)

ick) = uckeikr, lvk) = Uppe T

3, pilkptk' —k) R,
|4

N 3.k /

- Vékp‘l‘k,—kﬁ,K O d’rucg(r)e - (p+ hk g ()

/Qd?’fru:k('r)e - (p + Rk )y (7)

M = /—uck e - puyg(T)

. . . me
Absorption coefficient  a = S |M & 25 (k) — Ey(k) — hw)

for direct absorption

d3k

Beo(k) = Be(k) = By(k) Ty (hw) = 3 6(Feu (k) — h) = 2 / 550 (e () = 1)

[ point E.,(0) = E,(I) k

joint density of states = Je,(fw)

19



Minimum at k,

Change of variables
(B/(26) %) (ki = kio) = s4

|VsE.,| = 2s

Jc’u(hw) -

Optical absorption with transition from valence to conduction (3)

dk |
dEcv

d°k = dSdk, = dS dE., = dS|ViE.,| 'dE.,,

2 / dS
(277)3 |VkEC'U(k)|Ecv=hw

Ecv(kO) — Ega ViEbe, =0

= E, + Z 2& — kio)?, & > 0(i = 1,2,3) for simplicity.
Eoy = Eg + 282 =E, +s°, d’k=- 8%3&253 s1dsodss
Yen = 272r m 271r m\/m" P
3/2
-V,

20



Optical absorption with transition from valence to conduction (4)

A

o(fim)

direct gap

indirect gap

g
4
2
Example 1

GaAs

hvdirect

Y

70

62(2’m7«)3/2|M|2

- o (x10%cm™)

GaAs

Absorption coefficient a(hw) = hw — F
P () 2megmanwch? % ®
Oscillator st th f 2|M|2
scillator stren =
J Y mghw
Indirect gap 52
semiconductors  @id (fw) o (fw — E)
T T ! T
249
/ 291/
4l 363
_ b=
Q
o 2F
ES
£
x
31t 428&20K
4 0,95 1,00 1,05 1,10 1,15 1,20 1,25 1,30

Photon energy hAv (eV)

21
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Semiconductors / FiE4K
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Review of lecture in the last week

Doping and carrier distribution
Temperature dependence of carrier concentration

Exciton
Chapter 4 Optical properties (bulk)

Quantization of electromagnetic field

Number state, coherent state

Optical response of two-level system

Optical absorption with inter-band transition



Contents today

» Optical absorption with inter-band transition
» Photon emission from inter-band transition
» Optical absorption with exciton formation

» Photon emission from exciton recombination

» Concept of exciton-polariton



Light absorption and luminescence in semiconductors

Application to extended states

E(k)
A
hv, hv
k\r k > k >
(a) direct absorption (b) indirect absorption (¢) photoluminescence

Photon momentum #ik,, can be ignored in most cases.



Optical absorption with transition from valence to conduction

Plane wave vector potential

Poyinting vector

A = Apecos(k, - r — wt) k, = (0,0,kp), e =(1,0,0)
E:—%, _ rot A
ot L4
_ 242
I=(ExH)= eocn;J Ao e, n=c/c = \[e1 11

W: number of photons
absorbed per unit time

perturbation

Conduction electron |ck),
valence hole |vk’)
Transition probability is

I(z) = Ipexp(—az)  Definition of absorption coefficient «

2hwW

eocnw? A2

(ckle - plvk')|*(E.(k) — By (k') — hw)

MPS(Eo(k) — Bo(K') — ) 5



Optical absorption with transition from valence to conduction (2)

Bloch electrons I3
‘ . _ C T i(kptk' —k) 7, x . / ,
B S S fv e ui(r)e - (p -+ K'Yy (r)
i(kp+k'—k)-R;
= 2° [ @rucae -+ ke )
v Q
N *
= Vékarkf—k,K/ d’ruly,(r)e - (p+ k' Yu,p (1)
Q
d’r
M = o ?Uck("“)e'lmvk("’)
7T€2

Absorption coefficient

M[?Y 6(Ee(k) — By (k) — fw)
for direct absorption k

Oda — = )
negwems

joint density of states = J,(fiw)

&k
(2m)°

E., (k) = E.(k) — E,(k) Jeo(hw) =)~ (Eey(k) — hw) = 2 / 5(E (k) — hw)

[ point E.,(0) = E (I k



Optical absorption with transition from valence to conduction (3)

Minimum at k,

Change of variables
(B/(26)"?) (ki = kio) = s

|VsE.,| = 2s

Jc’u(hw) =

dk |
dE .,

&’k = dSdk, = dS dE., = dS|ViE.,| 'dE.,

2 / dS
(277)3 (Vi Eeo (k)| E.o=hw

Ecv(kO) — Ega ViEbe, =0

= Eq + Z 2& — kio)?, & > 0(i = 1,2, 3) for simplicity.
Eew =By + 232 =E, +s°, d°k = 8%5263 dsi1dsodss
Yo = 272r m 271r m\/m" P
3/2
S



Optical absorption with transition from valence to conduction (4)

A

a(f1®)

direct gap

indirect gap

g
4
2
Example 1

GaAs

hvdirect

Y

10}

62(2’m7«)3/2|M|2

- o (x10%cm™)

GaAs

Absorption coefficient a(hw) = hw — F
P () 2megmanwch3 % &
Oscillator st th f 2|M|2
scillator stren =
J YO mghw
Indirect gap B P B2
semiconductors  @id (w) o< (fw — Eg)
T T ’l T
249
/ 291/
4l 363
_ b=
Q
o 2f
BN
£
X
3 1t 4.2820K
4 0,95 1,00 1,05 1,10 1,15 1,20 1,25 1,30

Photon energy hv (V)



Luminescence by inter-band transition

Radiative recombination

Electron-hole recombination: {
Non-radiative recombination

Classification of luminescence with excitations
 Photoluminescence

 Electroluminescence

* Thermoluminescence
« Cathode luminescence
* Sonoluminescence

* Triboluminescence

* Chemiluminescence



Pseudo-Fermi level

=33
Planck distribution P(E) = 87;:; f (E/; o1 @(E)A
¢ eXp BL) ™ ) v.b.

Semiconductor under irradiation hole

c.b.

Introduction of pseudo-Fermi levels:  FEy., FEp,

electron

T : E — Ep, —1
!Electron dl_strlbutlon function fo(B) = |exp Fe 4 |
In conduction band i kT AE)

- —1
Electron distribution function o e (E - EFv) 4 1} .
in valence band Tl P\ ksT

optical absorption  R(1 — 2) = Biaf, (1 — f.)P(hw)
spontaneous emission  R(sp,2 — 1) = Aoy f.(E2)(1 — f,(E1))
stimulated emission R(st,2 — 1) = Boy fo.(E2)(1 — fu(F1))P(hw)

balance equation R(1 — 2) = R(sp,2 — 1) + R(st,2 — 1)

Einstein relation 4, = h30321 Bs1, Bia = By .




Relation with phenomenological approach

So far: Optical response of two-level system — Extended states — Inter-band absorption
5 I Other effects : refractive index

Macroscopic phenomenological approach

Starting point: divD = p, divB =0,
Maxwell equation B D
q I‘OtEZaa—t, I'OtH:j“"%—tv

D=¢E+P, B=puH-+M

Non-magnetic dielectric M =0 4=0

O’FE O’P

' AE — eopio—55 = 055
Wave equation €olo 5 = Ho 75

Effect of polarization P =Y "p,

11



Relation with phenomenological approach (2)

Linear response approximation P =exE  x: susceptibility

Relative dielectric functione, D =ceE, e =1+x

Below we consider isotropic crystal: response function tensor — scalar

The effect of polarization is PE 2R ¢, °E

normalized into the term of AE — copo— 5 = copoler — 1) =5 = AE -5 —5 =0

time-derivative

[ Polariton equation Ak? = wie (w, k) J

Absorption: imaginary part of response function: complex dielectric function, or

complex refractive index i(w, k) = n(w, k) + ix(w, k)

: . 2
absorption coefficient o= %ff(w, k) 12



Phenomenological approach: Lorentz model

Electromagnetic field in Materials:
set harmonic oscillators (m, e, &)

d2 dx :
m— s + Fmd— + &x = eFy exp(—iwt)

energy dissipation

(m,e) (m,e) (me) (me) (me) (me) (me) (m,e)

oscillator concentration N
eigenfrequency Wh—\/ N o2 "
P = N(exp(w)) = 5 — FEo
'Lwt

m wh—w — qwli’

long term stable
x(t) = xp exp(
X susceptibility

13

solution

, : : Ne? 1
relative dielectric e (w) = 1 + —— —, .

i €M Wy, — w? — qwl
function
Multimode: o y

- - e . . -
rationof modej e (w) =1+ S fj- oscillator strength
€ ; wy — w® —iwl’;

=,



Optical absorption by excitons

Exciton wavefunction S 1 GE - ) (1) { r: electron-hole relative coordinate
- nk(r,R) = ——=exp(iK - n(T

(EﬁeCt'_Ve mass vV R: center of mass coordinate

approximation) exciton local wavefunction

i 1 ; .
Fourier transform  F,x (ke, ky) = 0 f Broddrye”FeTeeT kTG b (r, R)

1 : s
— WfdST,dSRe—zR-(ke+kh—K)¢n(T)e—zk .

mhke g mekh

1 . *
a Wfdsre_m TOn(T)0K kotkyns K

exciton total wavelength g — . + &, e T
ground state @y = dek, bk, excitation ¢ (- R)
Transition probability — w;; = 2%;—2|A0|2 Z [(®yx| exp(ikyp - 7)e - p|Po)|*6(Ey + Ex — hw)
2 €2

= AP o 3 IFasc (e —ke) (e Plbon, ) P6( By + Bx — ho)
ke 14



Optical absorption by excitons (2)

1
Because k.= —k; F,k(ke,—kp) = - / d°rod’ry exp[—ike - (e — 1) Par (e, Th)

Because the sum will be taken over ke 7. =17}

F.x islarge only for k, ~ 0 while (¢ck.le-plévk.) is almost constant
d3

which 1S M = Wud"( r)e - puyk(r)
Q

; 2
Fermi’s golden rule: wif = — - |Ao|QZ|M| 62(0)[*6(Eg + Ex — hw)

1 Eey
For ¢(0) nottobe 0, ¢ [, (0)]* = ——, E,=—-—
must be an s-state Tlex T n
. 2
Imaginary part of the era (W) = e Wik (E _ Bex _ hw)
complex relative dielectric €0m2w? Wag’x - n3 5 n2

function
(spin degree of freedom: factor of 2)

15



on by excitons (3)

Optical absorpti
LI LI L DR B | 1 1 1
1.2 n=1 n=2 -
L GaAs n=3

1.0 12K / -
0.8 | -
0.6 T .
0.4 E, -
0.2 J -

0 )- el | 1 1 PR S | I | " 1 1 PR

1.514 1.516 1.518 1.520
Photon energy (eV)
' " exciton  exciton o

1.2.- 48099'00 i ¢ " j
~ LOf o°°°ip'?&w |
£ . Maﬁ 4 s e ‘
B 0.8} S /, = 2 : il
= 3 1 u A o j

0.6f © .
S 77l 204K 185K 90K 21K

0.4F

; . GaAs
021/ S~ e (ho - 1.425)2

0
142 144 146 1.48 150 1.52 1.54 1.56

Photon energy (eV)

Exciton absorption peaks in GaAs.
Fehrenbach et al., J. Luminescence 30, 154 (1985).

In simplest form &2 =C9% (Eg —

Identity

comparison gives €2 = Im«

Kramers-Kronig relation

Eex
n? —hw)

li ! =P ! + i )
Fgl-ll-oaso—a:—if_ To— T ONTo T
4 N
C/m

L. >
\Eg_?_(m—FZ(S);
1 oo /
Xl(w):—P/ X?(w)d !
T JoooWwW —w
. — C/m
E, n‘;"—(m+z‘r)

Sturge, Phys. Rev. 127, 768 (1962)

16



Photoemission by exitons

5000 -

Luminescence Intensity (arb. units)

0

. 4000 -

w

o

o

o
1

2000 -

10004

(a)Bound exciton luminescence at 2 K for 3 - 60 pJ/icm 2

pS
|
p4,08 p2,07 o5
A
\ p1,06 ||
06 A !
| f !
[T 1 B
8 A f 1 ‘\‘ |.>l' 1
P8 sl NN BN
o m A W T
4 ""—‘1‘”' "’"Lkﬂwﬂ e/ { \,A} ey g "“
M W \ o4 o1

1980 1985 1990 1995 2000 2005 2010 2015 2020

Photon Energy (meV)
Jang et al., Phys. Rev. B 74, 235204 (2006)

Photoemission: reversal process

Bound exciton emission peaks in Cu20

17



Exciton-polariton

Concept of exciton-polariton

. ] hv hv hv hv
Chain of photon-exciton - O 0

1 cycle ~ few fs
coherent propagation in solids

. . . AGX
5. contributions other than from excitons & (w) = € (1 - — i’y)
0 —w—

. k-E=0 . |
transverse wave: ' } polariton equation  ?k? = w2e, (wo, k)
=

Longitudinal wave:  wi = wo + Acx = wy + Acx

Aeyx : longitudinal-transverse splitting

18



Exciton-polariton (2)

®/®g
[a—

k =k +ikso
w?e A
S 1 ex — ka L k2
c? ( i wo — w) Lo
waes
o (w — wo) z = 2k1k2  Resonance

Dispersion relation

\/w — wW_Aex eky
w _—
W — L{JO A/ ES

19



Bose-Einstein condensation of exciton-polaritons

Emission angle, 6 (degree)
-20 -10 0 10 20 -20 -10 O 10 20 -20 -10 O

1,680
Ty

)

E

> 1,678
=

Q

{ o=t
L

1,676

321012 3321012383210
In-plane wavevector (104 cm~)

J. Kasprzak et al., Nature 443, 409 (2006).

1

10

20

2 3
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Review of lecture in the last week

» Optical absorption with inter-band transition
» Photon emission from inter-band transition
» Optical absorption with exciton formation

» Photon emission from exciton recombination

» Concept of exciton-polariton



Contents today

Concept of exciton-polariton (continued)

Chapter 5 Semi-classical treatment of transport

Transport coefficient
Classical transport: Boltzmann equation
Currents: particle flows

Drude formula, Diffusion current, Hall effect

Various scatterings

Heat transport, Thermoelectric effect



Exciton-polariton

Concept of exciton-polariton

Chain of photon-exciton W@MM’@J\NW@J\MM
1 cycle ~ few fs

coherent propagation in solids

. . . Aex
€s: contributions other than from excitons & (w) = € (1 — P i"y)

. k-E=0 . .
transverse wave:  ©' } polariton equation  *k* = wie (wo, k)
=

Longitudinal wave:  wi =wo + Acx = wi + Acx

Ay : longitudinal-transverse splitting



Exciton-polariton (2)

2 For transverse wave
k= ki + iko
Real-imaginary comparison
2
W* € JA. 9 5
o / 1 = ki —k
§ [ _,z/_ ________________ C2 ( +w0—w) 1 27
S e
o wges
m(w —wo)= 5~ = 2kik2  Resonance
Dispersion relation
\/w — w_ Aoy eky
w )
0 1 2 W= o Ves



Bose-Einstein condensation of exciton-polaritons

Emission angle, 6 (degree)
-20 -10 0 10 20 -20 -10 O 10 20 -20 -10 O 10 20

1,680

Energy (meV)
>
&

1,676

-3-2-101 23 -3-2-101 2 3-3-2-101 2 3

In-plane wavevector (104 cm™)

J. Kasprzak et al., Nature 443, 409 (2006).



Chapter 5 Semi-classical treatment of transport

| i& b isrikrcic

-\ 1 »
El;tmgshausen S O‘, ¥ 4
. :.@E%tzmann .‘ Hausrhanninger
- Ludwig Boltzmann
1844 - 1906

From Wikipedia



Classical, semi-classical transport, transport coefficient
electrons : most electric devices

Transport in condensed matter: Charge, heat, spin carriers { _ _
10NS : batteries, sensors

guantum mechanical

Classical, semi-classical transport ) Quantum transport
nature in transport

Semi-classical: quantum mechanics affects energy distribution function
Classical semi-classical boundary Fermi degenerate temperature

2 . .
Ty = (37%n)*®  for 3-dimensional systems
kaB
2
Tr = i . for 2-dimensional systems
1671'ka

External perturbation — Linear response: Transport coefficient Conductance, Resistance

current density 7 = o E electric field E=pj=0""j

conductivity tensor resistivity tensor



Classical transport: Boltzmann equation

(r, p) 6-dimensional phase space

Distribution function f (r,p, t) r PP _p
m

Introduction of collision: (9f/0t).

D af _
¥ (r—l— m*dt,p+th,t+dt) + (at)cdt_ f(r.p,t)

Of dr  Ofdp  Of
fr,p,0) + [67" ar Jp dt i 815] at

4 )

ap|| e Boltzmann equation 8_{ + ,,,S* ‘ 3,,{ i 42 % T (8_{)

- J




Currents: Particle flows

. of p Of Of Of
Boltzmann n — - F-—==—4
oltzmann equation  —% + - == + Ip (375)(,-
Relaxation time approximation: - (—g{) S ;fo

. e . . the collision term leads
p: Anisotropic distribution = Current fo: isotropic in p-space — to current

% . time derivative of the distribution, zero for steady states

Wf* - g—i . velocity times spatial gradient in the particle density —  Diffusion current

0 : : : : :
F- % . force on the particles times gradient of f in p-space — Drift current

10



Drift current by electric field

B d3k dfo\ A3k hk, dfo
(v) —/ (27r)3v(k) (fo +eTE - ﬁ@_k) — f 2 m ety hok.
_e&y h2k2 0 fo
= Wf_@(E)T(E) - 8EdE

Density of states: 2(FE) x VE(= AVE)
h2 k2 E

— 2. —
m 3

law of equipartition of energy

Kinetic energy:

—

11



Drude formula Paul Drude (1863 — 19(

For metals (T > 300 K)  Low temperature approximation: % ~ —0(F — EF)
_ 6553 QT(EF) 3/2 o Er . 2 3/2
(vg) = —A W : EL n = i 9(FE)dE = AgEF

Ofo _  Ar [ E]: Jo Jfo
ksT  (2(E)/3n)

2F 3 2
[0 — ¢? /T(E)@(E) nfo yp = MAT)E Drude-like formula ]

0 12



Diffusion current

No external force: F =0, f=f,+fi

N _— 9
Relaxation time approximation: v-=-=-— fi~x7v- o

2
Take the x-direction to that of Vf: Ja = —ef T“:?:a_fd’“ - ¢ <m > -
- ox 3 ox

(v?) = = Bt u = —: mobility

m* e m

Einstein relation: p =

13



The Hall effect

Galvanomagnetic effect: Force on electrons « Lorentz force

. PP
TNEN XX 2 2y x A —A 0
J'\\\\\\>J-’f ) 2 l t
, \',\ S\ Blleags =4 A |o|E
\ Slelelelelelels m 0 0 | A
T A; term creates j,, hence E,, : Hall voltage (electric field)
. . : : £ A
The Hall coefficient is defined as Ry = — Ey=——&,
J. B, A
! B ne’ ne? T ne? WeT?
W e % e— Tr — A = y Oy — -
ith cyclotron frequency w — 0 A= <1+(%7)2>E Oay = <1+(%T)2>E
2
Incase wer<1 | pyo_Lie _ 1 T@s+5/2T(5/2)
ne (1) n(—e) (['(s+5/2))? n(—e)
ru ~ 1 1s called Hall factor
. i ( neuv ] o eT
p— p— j— e R p—
Mobility is defined and expressed as « €] = nelg] ~ nel€] ~ ne o| Ryl o .



Carrier scattering mechanisms

Scattering mechanisms

Defect scattering Carrier-carrier Phonon scattering
| scattering |
| | I I |
Crystal  Impurity  Alloy Intravalley Intervalley
defects | I | | | | | | |
Neutral lonized Acoustic Optic Acoustic  Optic
| | | | | |
Deformation Piezo- Nonpolar Polar

potential electric

The parameter which represents the scattering mechanism
= averaged time interval of scattering

Scattering time: 75 [ : scattering mechanism

15



Matthiessen’s rule and effect of scattering on the electric transport

Matthiessen’s rule (series connection of scattering)

_Z + . i 1 NI

Z P

Ttotal Tdefects Tcattier Tlattice Mtotal 3 /-Ldefects Hcattier Hlattice
Reduction of - - — A - " b s T~~~
8 - I I 1 1 1 [ ) i(.:l" onon
10 e Neutral impurity Impurlty Scatterl ng ~ e Df‘:;i?zgz:cl):cﬁ-ci)?“m |  Optical phonog_
- ) n ' \
| . , ) ) _ by mOd u I atl On Remote 1mpuuty \’ \‘
B s H e lonized lmpurlty - — — --...__. Inherent limit -‘\ T \
— 107 | e doping structure T N N
T = ‘ 100 = e L
- _ — Total \‘. \
: z L DN
c? i > [ \ )
g 106 |- 5% B
; i E — Absolute limit .".
z | :
= 210° |
20 E
% | : Gag7Alp3As-GaAs
T 0t L : d=200A
— 10" |—
103 ] ] | | | ] —
l 10 102 103 104 | | L AR
T K] 1 10 100

Fletcher et al., J. Phys. C 5, 212 (1972)

Walukiewicz et al.

Temperature [K]

Phys. Rev. B 30, 4571 (1984).



Heat transport, thermoelectric effect

Heat flux density:  j,. = (nv,(E — p)) = / h v (E — ) f(EYZ(E)dE
0

. . . Jga
Temperature gradient VT Carrier thermal conductivity — #n = — 8T(}(‘95L‘ (Jg = —RVT)

11, xll lT27 T
Seebeck effect B B v
AB

A
B (W) B AR = AT
_/

J: current, V: voltage, T: temperature, Q: heat flow

Seebeck coefficient

. QAB - ”
Peltier effect —> A o J, T =-22  Peltier coefficient
X > 0Q /0 . .
] T= 6%/ ; Thomson coefficient
Thomson effect — A — (0T /Ox)

can be obtained from single material

0T /0x

17



The Kelvin relations

Unit charge T | | 0
Q0 — B A B © ——  Quasi-static process —
Thermodynamics can be applied
< > Vg

First law of thermodynamics  VBa + lIga (1) — Hpa(T' + AT) + (78 — 74) AT =0 }

HBA(T) B HBA(T+AT) n B —’TAAT — 0

Second law of thermodynamics

T T+ AT T
. dVBA dHBA d HBA ™ — TA
Taking AT — 0, these two become _ —7a =0 —
: ar  ar BT @r ( T ) T
d (llga dllga  llpa
The second equation becomes B — TA T ( T ) T T
. . . _ _ IIap  dSap  7a — 7B
The Kelvin relations are obtained as [ . SAB = o a7 T ]

The absolute Seebeck, Peltier coefficients can be obtained from the relations.

18



Seebeck coefficient as material constant

Material specific (absolute) constant can T (T Th - _
: ) — en for other materials Sap = Sa — S
be experimentally obtained from Sa(T) = /O ol AB = PA T OB

) Va = SaAT

R ~ | Thermocouple
A AT N

< > |V = SagAT
B

) Vs = SpAT

Seebeck coefficient (uV/K)
Thermopower (uV/K)

v —60 & . -
0 100 200 300 100 1000
Temperature (K) Temperature (K) 19




Boltzmann equation and thermoelectric constants

For the thermoelectric effect, we need to consider (only) VT

The distribution function in Ihs is
replaced with unperturbed one.

F — Ep

With a=-=—

From the above we can rewrite
Then the Boltzmann equation gives

Substituting the above and E =

(€:,0,0)
Into the current expression

Q

’U-Vf—Fﬂ*vvf:—f_fo [vv+£*vv:|f0
m m

% B 8f0 OF Oa 8f0 ( I T) E — EF - 8f0 EF —F
OT — OE 9a 0T OE ' ' ° kT2 | O0E T
_ omEr—Edfo 9fo _ 9fo
B Er — dfo
f=fo—71(E)v- [—eE+ - VT] T

ja::

—e{nv,) = —e /OOO v, f(E)D(E)dE

> Er — EOT| Of
_ 2_|_ F 0
= 6/0 VoT [ eEr + T (93’:} 5 2(F)dE

20



Boltzmann equation and thermoelectric constants (2)

Jo = e/ vaT [—eé‘m M ks 8T] afO@(E)dE —0
0

T Ox| OF

J» = 0 means the balancing of the drift current and the diffusion current

Then the Seebeck g_ & _ /OOUQTEF—EafO dE// 2 T% B)dE
coefficient is calculated as or/oz Jo ° €I OE * OF
gl [Ep—f Egafo dE// afo dE]
el 0
i ; of, f, =(TE)E/(T)E
Maxwell approximation O — L
OF kgT
Energy dependence of P

relaxation time

- (][

Seebeck measurement provides information on Er and scattering mechanisms

21



Peltier device

S =

J
—>

1 5)
— || = kg1l — E
qT K? " 8) ’ F}
Cooling
‘9
0 ®
n-type o p-type

heating

heating

I1=S5T

Sign of the coefficient changes
with carrier charge

22
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(Physics of semiconductors) 2021.5.26 Lecture 07
10:25 - 11:55

Institute for Solid State Physics, University of Tokyo
Shingo Katsumoto

-



Review of last week

Concept of exciton-polariton (continued)

Chapter 5 Semi-classical treatment of transport

Transport coefficient
Classical transport: Boltzmann equation
Currents: particle flows

Drude formula, Diffusion current, Hall effect

Various scatterings

Heat transport, Thermoelectric effect



Boltzmann equation and thermoelectric constants

For the thermoelectric effect, we need to consider (only) V'T

The distribution function in Ihs is
replaced with unperturbed one.

F — Ep

With ==

From the above we can rewrite
Then the Boltzmann equation gives

Substituting the above and E =

(£2,0,0)
Into the current expression

Q

v-Ver%vvf:—f_f“ [’U'V"‘%v‘v}fo

% B 8f0 OF Oa 8f0 ( I T) E EF - 8f0 EF —F
0T ~ OE 8a 0T 9E * ' ° kgT?2 ) OE T
g BBk 0% _, O
Vf() =\ T aE, Vruf() V E(?E muv Yo
B Er — dfo
f=fo—1(E)w- [—eE+ - VT] e

ja::

—e{nv,) = —e /000 v f(E)P(E)dE

> Er — EOT'| Of
_ 2_|_ F 0
= 6/0 VoT [ eEr + T (93’:} 5F 9(F)dE




Boltzmann equation and thermoelectric constants (2)

T — e/ vaT [—eé‘x I et aT] 8f0.@(E)dE —0
0

T Ox| OF

J» = 0 means the balancing of the drift current and the diffusion current

Then the Seebeck o Cx _ /OovaEF—EafO dE// 02220 5 m)aE
coefficient is calculated as or/oz  Jo © €I OE v OE
: [Ep—f EQafO dE/f afo dE}
T 0
: : df, fo =(TE)E/(T)E
Maxwell approximation SCE—
OE —  kgT
Energy dependence of r o E°

relaxation time

L e (R

Seebeck measurement provides information on Eg and scattering mechanisms



Peltier device

1 5 Sign of the coefficient changes
S=—K—+s)kBT—EF} I1=ST .g ) 9
gl [\2 with carrier charge
Cooling S,
Al O 4
o e
e =1 e b
n-typ O ) pP-typ

J
—>

heating heating




Physics in spatially structured semiconductors

Our apparatus: ~ » Band structure
» Effective mass approximation
» Carrier statistics
» Electron-photon couplings
» Thermodynamics

» Semi-classical transport (Boltzmann
equation)
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pn homo junctions

Entropy increase

p N4 | n Np Epitaxial growth
W, Wy Fabrication of pn junctions: «[ Counter doping
© 009,000 © Masked, focused doping
00 009~ 0 0 o0 —
©o00 o 99 @ 99 Diffusion current:

| X
! | Equilibrium Ba}la_nc_e.
' 5 Minimize Free energy
B N,w, +Npw, : - U

Drift current:
Internal energy decrease

I
[
|
| ; '
--------- q-====p-=--q----o---- A 4
| |
|
|

E, \ Er » Carrier depletion layer (space charge layer)
? » Built-in potential

10



pn junction thermodynamics

Consider electrons
attached to a vacuum

without work function

F =U—TS Minimization of F — Built-in (diffusion) voltage V,

Vacuum
for electrons

_—

\oltage (internal energy cost)

number of sites: N

o e s
@ o e :Ic
00 iC
_|@| @
ol 1 1®

particle number: N;

\

voltage (polarization) — energy cost

Diffusion (entropy)

~
L

pd

dN1 = —dN,

number of sites: N

o

particle number: N,

++ + + +



Estimation of built-in potential electrons holes
Notation of carrier concentration n-layer fin Pn
ni ni  p-layer Np Py
’I’Ln ~ N ) p ~ N Nn., — _ L ~ ¢
P i A P Pp NA

Number of cases: W = yCpn, NCn,

N > N, N,  Stirling approximation: In N!~ NInN — N

! ! — IXI
N N dinW . N2 N-—Ni .\ N2 Mixing entropy

InW =1In ' RPN
(N—Nl)'Nl' (N—NQ)'NQ' le Nl N — N2 Nl

lenna NQan, F:U_TS:U_T’fBan

dI dU din W n
— =0 = —— =¢eW,; = kT = kT ln —
dny, dn,, “vb B dn,, B Wiz
E NpNa N.N,
np = n; = N.N, exp (—kB—f}> — ~ kg1 In n—f = Fy — kpT'In NoNA

12



Estimation of depletion layer width

_ N = .
"p Wn % Charge neutrality:  w, Np = w,Na
Ny Np Electric field: —ecoE(x) = e[Na (22 + wp) + Npwy,] (z < 0)
= e|Naw, + Np(w,, —2z)] (z > 0)
e .. W N
Built-in potential is Vi = / (—E(x))dx = (ND + Np)wpw, = ; — (Np + Na)2w?
- €€o €€ Na
1 N.N.
Voi= = | By — kgTln —
LT ( g~ "BS A NDNA)

1 ecoNa NN,
.. wn — E - k Tlﬂ
6\/(ND —I—NA)ND ( B NAND)

1 eeoNp NN,
W — — Es — kTl
P 6\/(ND—|-NA)NA ( B nNAND>

13



Current-voltage characteristics

eyey N EF — Ec
TNy, — Ve €X :
Electrons Equilibrium p T
N oo Er — E. — eV o eV
N, = INoeX = N, X —
P P kaT P\ T kpT
eVii
Current balance J,, = ev,n,  Jup = evpnpexp | —
kT
External voltage V
Forward bias (against V;; ) : lowers barrier for diffusion current n,,
Vii — V) eV
Ve R _ _ AV _
b b Jnp = €vpny exp ( kT ) eVp Ny €XP ( . T)
Vv V
Je = JInp — Jpn = €vpnp EXP l;—T — eUnpNyp = €UpNy [exp ]:B—T — 1}

Electron, hole

eV
summation

J = e(vpny + vppn) {exp T 1

14



Injection of minority carriers

pn junction circuit eV
symbol J = e(vanyp + vppp) [exp T 1]
J | X minority carrier current  barrier overflow

Forward bias region: minority carrier injection

e p—
dx? Te

Minority carrier diffusion length: L. =+/D.7., L, = \/Dpms,

Diffusion equation: D

0V

Fate of injected minority carriers

Radiative recombination Non-radiative recombination
o e .
: s "\N\/\~ electron scattering
AN~ h light _emlttlng l A
diode Tf\/\/\,» phonon

O O
15



i ®
i electron-hole
- hv . )
__________________ | Az T pair creation
i O
evpAn,
0 : eV eV
E Jeo = evpny [exp FonT — 1] Je = evpny exp i evy (n, + Any)
__________________ % —sJn0 - COmEIy
A | TTuminated \oltage for J=0 Ve } external injection
6 vy  CurrentforV=0 Jg
Minority carriers which diffuse to the - Prax
junction region are swept out to the Filling factor (FF) = TV
other side. =AU

Gerald Pearson, Daryl Chapin
and Calvin Fuller at Bell labs. 1954

16



pn junction (bipolar) transistors

‘j 1'

\

Bipolar junction transistor  Field effect transistor

P
n (p[ n » Nd ’

g o n

////

o

Bipolar transistor structures and symbols

\b e ‘ collector (C)  C | ‘ C Jc
b i G {
John Bardeen, William Shockley, P B 4 B
Walter Brattain 1948 Bell Labs. — N — P 5
base (B) 0 S - Js

Jg TJE _ |

‘ emitter (E) E
PNP type NPN type

17



Base-Collector, Collector-Emitter characteristics

I

S~
T3

S
(@)
]
(&)
2
O
Q
D
wn
e}
al
< o
g
il
-2
4

Collector-Emitter

Jc

: '

10-2_ .....................................
/_\10-4 ......................... .
NI L
O - : 1
> o6k VeETOY L |

108 .......................... .
10'10-..........5 ...................... _-

i C
0.01 0.1
Vee (V)

18



Current amplification: Linearization with guantity selection

0

electron

n

2N222A
VCE =6V

50 100 150 200 250 300
Jg (LA)

Jc = @]B
/7

Emitter-common
current gain

How a bipolar transistor amplifies signal?

A -
Diffusion
e NE- ]‘
N0 e+%o ej "3 A
— oet —
e s
o e+ £y og- |
Emitter Base Collector
n P n
VEc Je
I

19



Expression of h.¢

emitter base collector

!

VBE VBC
emitter base collector
Nop log;n,pi A linearn,p i :10gn,p Mo
Q :
5 1n,(x) ’
Poe / \
!//
depletion WB depletlon

'

Sweeping out of minority

(W) = nyg exp —2ES &
. . n =M X ~
carriers at the depletion edge PATTD p0 &EP kgT
- - - d . .
Diffusion currentinthe  dn, . constant 7, (2) : linear in x
base: constant dx
. . . dn N, (0 J,
Device cross section A jpe = —D.—2 ~ eD, -2 (0) -
2 dx WB A
ne
The law of mass action 7,0 = —
Na
g eAD.npo eVBE eADenz2 eVBE 7 eVBE
~ X ~ exX — ex
C W P ReT  WgNa P geT — ISP T
T BADh (0) eADh GVBE eADh n? GVBE
— n p n ex == ex
Bh L PnE L PnEO0 €XP kel L. Np p ke
L 0)AW Vi
Recombination current; Jg, = Qe _ (0)AWs exp ¢VBE
Th 27T kg1

D, Wg Ny W2\
hrrp = +
De Lh NB 2T5De

20




Example of an amplification circuit

—|-+15V

AVC — RQAJC ~ RQAJE

AVE — &AV ) }_gut
R4 R4 in |

O

R, 100k
A
R, 10k
o

=

~ R,

10

Tl
15w

R, 20k

wE
—lum/ 1l

0y

Lk:H=




Depletion layer width with reverse bias voltage

‘ Poisson equation —(f = —aq(z) (a=(eeo)™)
Vi +V !

under conditions - ¢(—00) =
d
@ . Cb( w’p) 07 d_¢ o O’
.ee @! potential boundary: - l—w,
P - n
0% "o ag
1 — Qb( ) V + Vbl) d_ i O
_Wp Wn xZ Wo
( aeN
— 5@t w,) (~wp <2 <0)
The integration gives ¢(z) = 2 aeNp
2
V 4+ Vi — 5 (2 —wn)® (0< 2z <wy,)
1/2 1/2
Eas ¢ — lim gb, b — 2€0€(V + Vbi) . ND W — 2€0€(V + Vbi) . NA
z—+0 z——0 p eN 4 Np + Ny ’ " eNp Np + Na
lim (dé/d
1Hl—l—O( gb/ m) B n B 2€0€(V + Vbi) . N+ Np 1/2
lim (dg/dx) Wa = Wp 7 tn = ¢ NaNp |

22



Effective capacitance and reverse bias voltage

]_/CeQﬂ"‘ 1 L 2
Cezﬂ' N 6606ND (V + Vbi)
This gives a way for the doping profiling.
—Vbi -~ Varicap diode  circuit example

-

4

+Vtu

R
+Vtuning
f D1
(a)

(b)

D1,D2 Varicap diode
R Typically 10k - 47k or RF choke

Frequency modulation
Phase lock loop



S

(Sourca

o — = — — —

- mm e mm = o o e

Circuit symbols

D

S
n-channel

pn junction field effect transistor (JFET)

-3V
P
o 3
: N N I
Pl _3y
p-channel



pn junction FET

L G
p+ V(?J) = Vg + Vbi - V;:h (y)

dVe
n m Jen = eNppip dyh 2wy — wa(y)|W
| v conductivity —

p+ BRY. y channel width
electric field

L L dV Vi Wy
JonL = / Jendy = QeNDunW/ (wy — wd)@dy = 2weNpu, W (1 — —) dV
0 0 Vo

I T 2
pinch off (internal) voltage:  ,(v.)=w, V.= ef;fpwt
€€

2
3VVe

B 2Npep, Ww;

Jch I

[VL — Vo + (V(Vo)3/? — V(VL)S/Q)] Only valid for w, < w,/2.



|-V characteristics of JFET

‘JDS AA JDS

<
Vel

Example: 2N5457
n-channel
depletion-type

Drain (1) ——=

Source (2)—----/‘
Gate (3) ——-/ G:TE@

2 SOURCE

| p. DRAIN CURRENT (mA)

1.2

1.0

0.8

0.6

0.4

0.2

| p. DRAIN CURRENT (mA)

VGS{nﬁ) =-12V

Vgs=0V

-0.4V

-06V

1
-0.8V ]

-1.0V

1.2

1.0

0.8

0.6

0.4

0.2

5 10
Vs, DRAIN - SOURCE VOLTAGE (VOLTS)

15

20 25

VGS{off} I‘:" -12V
/ /
V[]Sz‘ISV/
e //
//
...—-="""-/
-12 -0.8 -0.4

Vgs, GATE - SOURCE VOLTAGE (VOLTS)

26



Application of JFET

Low linearity — linearization with feedback with high gain

High input impedance, low bias current (operation at the reverse bias region)
. fit the Input stage of operational amplifier

Example: OPA827 _
e Input voltage noise: 4 nV/v/Hz at 1 kHz

[ e Input bias current 10 pA max

o G A TF 3 e Input impedance 1013 Q
. —
Bl
3

—o OUT R

R
s

7w

—We

V. Inverting amplifier

Copyright © 2016, Texas Instruments Incorporated
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Review of the last week

Chapter 6 Homo and hetero junctions
pn homo junctions

Solar cells

Bipolar transistors

h

/

.a-’

John Bardeen, William Shockley,
Walter Brattain 1948 Bell Labs.

Gerald Pearson, Daryl Chapin
and Calvin Fuller at Bell labs. 1954




Current amplification: Linearization with quantity selection

0

VBE/Ilf' ; Jc = hreJB
| B Ik /7
slectron | ¥ [ e Emitter-common
. \
el n v current gain
—
2N222A i
VCE:6V
10” i
<
I

1 ] 1 L 1 1
50 100 150 200 250 300

Jg (LA)

How a bipolar transistor amplifies signal?

<0 9"1 e_gl?_e_f
o e+ e+ "
r— ot A
L R e
Soet &y og |
Emitter Base Collector
n P n
Vec Je
()



Expression of h ¢

_QVBC
kgl

Sweeping out of minority
carriers at the depletion edge

ny(Wg) = npo exp ~ 0

i i i dn i .
Diffusion current in the P . constant np(m) S (HepTa ety

emitter base collector

base: constant dx
. . . dn 1., (0 J,
noE 7 Device cross section A jpe = —D.—2 ~ eD, p(0) _ Jo
> dx WB A
ns
II l II The law of mass action np0 = —
Na
VgE £ 5
| ) ’ T A eAD.npo exp eVBE N eADn; exp eVBE _ Jsexp eVBE
lettlc; } I~ asc} 1cgo }cctor C WB kBT WBNA kBT — JS k‘BT
7). og n,p, inear n,p i :0 P W~
OE | (x) | o 7 eADy, (0) eADy, eVBE eADy, nf eVBE
| = B = nE0 €X = ex
np(X) : en.,(0) AW, eV;
P~ \ Recombination current: Jg, = Qe S QP exp — b
/ N Th 2Tb k‘BT
depletio/n WB depletlon

D, Wg Na W2 \ '
hrg = +
D\c3 Lh NB QTbDe



Example of an amplification circuit

—|-+15V

AVC — RQAJC ~ RQAJE

AVE — @AV ) }_gut
R4 R4 in |

O

R, 100k
VWA
R, 10k
=

=

— Ry

Tl
15w

wE
—lum/ 1l

0y

Lk:H=




Depletion layer width with reverse bias voltage

\V Ly Poisson equation d—;f = —aq(z) (a = (eco)™")
bi

charge: {quD (ng_gw;)

under conditions _ p(—00) =
d¢
. Qb(_wp) — OJ d_ = OJ
0 potential boundary: - T | _ap,
d¢
L ) — Ve R
¢(wn) + Vi, o =
(aeN
) . ) et (z + 'wp)z (—wp <z <0),
The integration gives #(z) =4 2 aeNp,
2
V+ Vi — > (x —wp)® (0<x<wy,)
1/2 1/2
lim ¢ = lim ¢, o — 260V + W) Np o — |2e0eV A V)  Na
o0 a0 g eN 4 Np+Nya| 77 eNp Np + Ny
lim (do¢/dx) =
a:—1>H—|}O( Qb/ z) B n B 2€0€(V + Vbi) . N+ Np 1/2
lim (dg/de) rem e ‘ NaNp |



Effective capacitance and reverse bias voltage

]‘/Cgﬂ‘/ 1 2
Cgﬂe N €€0€ND (V + Vbi)

7

This gives a way for the doping profiling.

—Vbi - . Varicap diode  circuit example

] L.

D1,D2 Varicap diode
R Typically 10k - 47k or RF choke

Frequency modulation
Phase lock loop



S

(Sourca

o — = — — —

- mm e mm = o o e

Circuit symbols

D

S
n-channel

pn junction field effect transistor (JFET)

-3V
p |
= 3
: N N I
Pl _3y
p-channel



pn junction FET

T pt N V(y) = Vg + Vi — Ven(v)

Wq (Y)
2
W waly) — \/ ccoV/ (1)

€ND

dVe
M m Jen = eNp iy, dyh ' Q[wt — wd(y)]w
| . conductivity =~ =——

p+ Y y channel width
electric field

v

L L dV Vi Wy
JnL = / Jendy = QeNDunW/ (wy — wd)@dy = 2weNpu, W (1 — —) dV
0 0 Vo

. . 2
pinch off (internal) voltage:  «,(v.) =w, V.= eNpwj
2€€q

2
3vVVe

B 2Npep, Wuwy

Jch I

[VL — Vo + (V(Vp)3/2 — V(VL)?’/Q)] Only valid for wy < w,/2.



|-V characteristics of JFET

\]DS Ab ‘JDS

<
Vel

Example: 2N5457
n-channel
depletion-type

' Jps VS Vpg

1 DRAIN

Drain (1) —= < /,

Source (2)—-—-—-—-/‘
Gate (3) ————/ G:TE@

2 SOURCE

| p» DRAIN CURRENT (mA)

1.2

1.0

0.8

0.6

0.4

0.2

o

| p, DRAIN CURRENT (mA)

T T T | |
VGS{nﬁ) =-12V Vgs=0V
-0.2V —
-04V
-0.6V
|
-0.8V —
k -1.0V
|
0 5 10 15 20 25
Vs, DRAIN - SOURCE VOLTAGE (VOLTS)
1.2 I
VGS{nﬁ) = —1.2V
10 //
0.8 /
Vpg = 15V
0.6 /
0.4 //
0.2 //
-1.2 -0.8 -0.4

Vgs, GATE - SOURCE VOLTAGE (VOLTS)

10



Application of JFET

Low linearity — linearization with feedback with high gain

High input impedance, low bias current (operation at the reverse bias region)
. fit the Input stage of operational amplifier

Example: OPA827 _
e Input voltage noise: 4 nV/v/Hz at 1 kHz

e Input bias current 10 pA max

- ST oo g § S e Input impedance 1013 Q
—

| i
] | I [ v —o OUT R,

=

W
T
—ED

g Inverting amplifier

Copyright © 2016, Texas Instruments Incorporated
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Schottky barrier (metal-semiconductor junction) Walter Schottky

1886-1976

metal semiconductor Q: space charge

“_T""/)S Ec electrostatic o 1 [(eNp ,

ey '*_-:b;:_EF potential  ©\T) = fo (eNpz = Q)/ecodz = = ( o T Qxd)
D

Er = 9 a5 — d(wa) =0

! Charge balance: w4 = M S Wd

eND
‘ 2660(9’5]\4 — Qﬁs) . 2660‘/8
E Q = \/2eeoNpe(pnr — ¢ps) -+ Wa = \/ eNp —V eNp
\Y X4
? \oltage V --> barrier height e(V-V)
0 > _ _
X 2 e(V Vs)) ( eVS)]
J = AT* |ex — ex
-Q }\ —eV, eV
= e AT - — ] =1
Ep O*D e ( ksT ) [eXp (kBT) ]
Wq ‘C\ —_—— . .
« , - barrier overcoming current
\EV NoO minority carrier injection

12



MES-FET

Grille

Contact ohmique Schottky

(Source)

(Drain)

o o
Meeee e® e’%7

Couche acti% ©0peo0 ©

Substrat semi-isolant

In most cases, the surface barrier is dominated by the pinning of Fermi
level with the high density surface states.

MES (metal-semiconductor) FET: depletion layer device.

Complementary circuit is difficult.

Saturation effect is a bit weak.

L Contact ohmique 50

40

30

20

lp-Drain Current-mA

10

DRAIN CURRENT vs.

NE76084

DRAIN TO SOURCE VOLTAGE

/ Ves=0V
_rl‘/
/ / -0.2V
A
/ / |04V
— 06V
—-—""—.—.——.‘.
L
1 2 3 4

Vos-Drain to Source Voltage-V

Data are given in S-parameters.



MOS FET

Metal electrode

_i%i/;

Oxide film

p-Si

| \_
n source J/ \K N drain

Conduction channel

Vdd

#»
Vout

—O

PMOS

Wn

NMOS

N\
Metal electrode Oxide film R
7 Vo (a) ERHME o by RATEZ
| e - V<o ———E
mii ,-______EF oo E
V>0 E . E
E /,,______ o :
: enhancement depletion
Oxide \
(e) B #&
Complementary metal-oxide-semiconductor (CMOS) circuit Eery N\
V<ol | N -
NMOS PMOS | A E::
~ = - TTmemee e E,
Simplified s £ & 8 ;E
CMOS inverter v inversion
circuit s -
p-substrate
Low leakage current
Single gate input both on/off switch

o
_{*
L

Vss
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FinFET
I T

Improvement of MOS FET

High -k materials for dielectrics other than SiO; 3.9

Low voltage action requirement: HfO,Si 11
Multi-gate structure to wrap up the conduction channel SigN, 7
FinFET structure AR 2

210, 25

HfO, 25

(a) 3D Structure

"r. 'u; {TH u‘ﬁ‘u HIHHTH HTHTHTH ‘r',;w*"‘ HI] 1"'/:
¥ «,,o ,; i
,]1,, M, NNW 411 fI”N" ,,MMH“ i)

I
ﬁ‘ jl lli Jw ﬂ" IJ I " (IJ l "Jl 91¢
i il H”H {IHil} NH“1 !!I T} ,7!,“ ”;

N u i 1! u
I N Jl M ‘‘‘‘‘ .IJ 11 b, m, ii

fi” ” IIMN,. ;01 r” “”ﬂl IIMIU m””““mm i' rH’ j
I “N th, MN N ‘ “ Ih ”d”l
T T T IR T LRI w‘,'w {IHIF

J “ H ui II “ !41 H l‘ i ,,4
u,,u,,u,, iyl u,,u”., u u,,,,,, il

TSMC 7 nm
transistors

Pinch-off the channel with wrapping gate

Less than 1 ps
Less than 1V

Inversion conductive mode

TSMC 30 nm gate (2012)
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Heterojunction and envelope function
{_ h2V?

Effective mass approximation +U (r)] f(r) = Ef(r) f(r): envelope function

2m*
This holds for spatially slow perturbation U(r).

Then how about heterointerface? b (1) Z (A) l(;i\) ), @ () Z fl(B) z(r]j)
YA | YE@) 1. For simplicity we assume ul (1) =l (1), 8el(A)/3k = 0™ )0k
(i) > Then continuity condition at z =0 becomes £ (74, 0) = £\ (74, 0)
In xy-plane, the Bloch theorem tells ~ £(*P) = % exp(ikay - z)x\ M (2)

: envelope function for z
For z-freedom, we apply k - p perturbation. P

20 (z —th— 0 ) X = €X
0z

16



Heterojunction and envelope function (2)

hkZ,  h? 92

2mo 2mo 0z2

= (2<0), ” (220

2<0 (z€A)

0
Vi(z) =
1(2) {el(B)—el(A) z>0 (z€B).

21

m=1

e 4+ Vi (2) +

2mo 2mg 022

W2k2,  h? 97 ih
mo

Continuity condition:

AP A) (5 = 0) = 7B B)(0)

B ] 5 Py in 9
m

.

h? o0 2
Ly, = T [5lm$ + E(l|pz|m)]
\ | | )
y v
continuity in derivative discontinuity

When the band mixing effect is
ignorable, we can also apply the
effective mass approximation
for the heterojunctions.
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Band discontinuity

Band discontinuity parameters

E B

E* IAEC

E’ 5

g
L g
E A
| AE,
E B
crystal A crystal B

Anderson’s rule: affinity from the vacuum level
determines the alignment

vacuum levels — ... —
aligned
XB
7
conduction & //
band E, E
EA _________ { _AEC
E4 EgB
o S S T '

§\§\ EVB - :AE\'
alene AW

R. L. Anderson, IBM J. Res. Dev. 4, 283 (1960).
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Heterojunction types

(a)

A
-
AE,
A B
Type-I

AE,
A
E, ‘
‘ o EgB
AE, |
A | B
(b) Type-I|

b o

\

AL, EgB
A B

(c) Type-111
(Type-Il staggered)

19



antum Structure
nvells, wires, dots)

Zhores |. Alferov Herbert Kroemer Jack S. Kilb.y

The Nobel Prize in Physics 2000 was awarded "for basic work on information and
communication technology” with one half jointly to Zhores |. Alferov and Herbert .
Kroemer "for developing semiconductor heterostructures used in high-speed- anc
opto-electronics” and the other half to Jack S. Kilby “for his part in the invention of

the integrated circuit”



Quantum well (elementary guantum mechanics)

> d 2m|E — Vp|
AV (%) Outside the well: R % —F < L L < = \/ 0
____YQ _______ | . 2m de _l_ 0 w w’ L > 27 2 > T, K h
() Ch exp(ikx) + Cyexp(—ikz) E >V,
€Tr) =
D1 exp(kx) + Do exp(—kx) FE < V.
: . L L _
States localized inside the well: E <V 5 <z Df =0, z< -5 = Dy =0
X
S S ———— 1/2 E L L
—L/2 L/2 Inside the well: ¢ (x) = C1 exp(ikx) + Co exp(—ikx), k = ;Ln , X € [—53 5]

[ Cy exp(ikL/2) + Cy exp(—ikL/2) = D exp(—kL/2),

Continuity <
| Crexp(—ikL/2) + Cyexp(ikL/2) = Dy exp(—kL/2),

Envelope function

connection f
ikCy exp(ikL/2) — ikCy exp(—ikL/2) = —k Dy exp(—kL/2),

| ikCh exp(—ikL/2) — tkCyexp(ikL/2) = kDy exp(—£L/2),

| Differentiability <
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Quantum well

- .
l“ q -
N

kI, = —2 arctan

—+ nm

k

2mV,
m 0 n=1,2--.

h2

&
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Optical absorption of quantum wells

A
Ve(T) = Pe(2)|exp(ikay * Tuy Juc(r),
Y (r) H on(2)exp(ikayy - Try Uy (T)
Envelope functions Lattice periodic functions
/ Direct transition rate: P., (uc(r)|V|uv(r))/ dzoe(2)" dp(2)
_// o h2
1 Transition energy: F = E, + AE") + " k2,
E, K
Two dimensional density of states: dn _ m H(FE) (H(x): Heaviside function)
dE  27h?
F~

I\

23



Optical absorption of quantum wells

Absorption coefficient
| f

lh
i I Tt et
A% E—— : !
_}’ i i |
l - :
E(hh,lh) E,(hh) E,(lh) E4(hh)
Photon energy

(a)

Absorption coefficient

0.5

(b)

GaAs/AlAs

MQW
L=7.6nm
6 18 2
Photon energy (eV)
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(Physics of semiconductors) 2021.6.09 Lecture 09
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Band discontinuity

Anderson’s rule: affinity from the vacuum level

Band discontinuity parameters determines the alignment

vacuum levels ..
— B aligned BI
E"A IAEC ;
conduction P //
E“ band E; i
J E‘f ECA _________ { _AEC
E A
' E* E?
| AE, :
E, na N _ooookeod i

valence §\\ E/ -f :AEV
crystal A crystal B band :\\\\\\ &\§

R. L. Anderson, IBM J. Res. Dev. 4, 283 (1960).



Heterojunction types

(a)

A
-
AE,
A B
Type-I

AE,
A
E, ‘
‘ o EgB
AE, |
A | B
(b) Type-I|

b o

\

AL, EgB
A B

(c) Type-111
(Type-Il staggered)



antum Structure
nvells, wires, dots)

Zhores |. Alferov Herbert Kroemer Jack S. Kilb.y

The Nobel Prize in Physics 2000 was awarded "for basic work on information and
communication technology” with one half jointly to Zhores |. Alferov and Herbert .
Kroemer "for developing semiconductor heterostructures used in high-speed- anc
opto-electronics” and the other half to Jack S. Kilby “for his part in the invention of

the integrated circuit”



Quantum well (elementary guantum mechanics)

> d 2m|E — Vp|
AV (%) Outside the well: R % —F < L L < = \/ 0
____YQ _______ | . 2m de _l_ 0 w w’ L > 27 2 > T, K h
() Ch exp(ikx) + Cyexp(—ikz) E >V,
€Tr) =
D1 exp(kx) + Do exp(—kx) FE < V.
: . L L _
States localized inside the well: E <V 5 <z Df =0, z< -5 = Dy =0
X
S S ———— 1/2 E L L
—L/2 L/2 Inside the well: ¢ (x) = C1 exp(ikx) + Co exp(—ikx), k = ;Ln , X € [—53 5]

[ Cy exp(ikL/2) + Cy exp(—ikL/2) = D exp(—kL/2),

Continuity <
| Crexp(—ikL/2) + Cyexp(ikL/2) = Dy exp(—kL/2),

Envelope function

connection f
ikCy exp(ikL/2) — ikCy exp(—ikL/2) = —k Dy exp(—kL/2),

| ikCh exp(—ikL/2) — tkCyexp(ikL/2) = kDy exp(—£L/2),

| Differentiability <




Quantum well

- .
l“ q -
N

kI, = —2 arctan

—+ nm

k

2mV,
m 0 n=1,2--.

h2

&



Optical absorption of quantum wells

A
Ve(T) = Pe(2)|exp(ikay * Tuy Juc(r),
Y (r) H on(2)exp(ikayy - Try Uy (T)
Envelope functions Lattice periodic functions
/ Direct transition rate: P., (uc(r)|V|uv(r))/ dzoe(2)" dp(2)
_// o h2
1 Transition energy: F = E, + AE") + " k2,
E, K
Two dimensional density of states: dn _ m H(FE) (H(x): Heaviside function)
dE  27h?
F~

I\



Optical absorption of quantum wells

Absorption coefficient
| f

lh
i I Tt et
A% E—— : !
_}’ i i |
l - :
E(hh,lh) E,(hh) E,(lh) E4(hh)
Photon energy

(a)

Absorption coefficient

0.5

(b)

GaAs/AlAs

MQW
L=7.6nm
6 18 2
Photon energy (eV)
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Excitons in quantum well

hole electron Schradinger equation

. . Variable separation

Radial wavefunction

EK) m: magnetic quantum number

€ Power series expansion

The series to be stopped
at a finite length

hh

Ih

0? 0
2 1—p)= £ A— - -
s+ @l 1= )L A [ + 3| R(p) =0
A= e”
4megh

- 9F

v—A+|m|+1/2

— Z Bupya ﬁv—l—l — /81/

Eq
EQd —
br (n+1/2)2

n=0,1,-

82

EO — * 7
8meepay,

E _4E0, CLO —ao/Q

ground

ap =

v+1D(v+p+1)

dmeeg

mre

h2
2




Excitons in quantum well

300 K g€
LI v —E
20 ( 2m 47T€€0|'T'|) Y(r) v(r)
. W/ —8mik
—~ GaAs bulk 2= plMeTPER(p)et ™ p= T
E / 82 O
© — 4+ (2 l—p)=—+A— —| R(p) =0
5 : s+ @l + 1= p)L A | + 3| R (o)
E" 62 m*
= = A= — =
= s I 4megh 2F
S 10+ v
(@) - v —
3 n=1 F2d — _ Eo n—=0.1. -
3 Fk T (n+1/2)? o
< GaAs/AlAs superlattice I e? . Admeegh?
8.3nm/9.3 nm \ | 0~ 8meepay,’ “0 = me?
0 ! ! | E2d = 4Fy, a3 =a}/2
06 07 0.8 0.9 ground — 0 O O/

A (um)




Quantum barrier

A(k) —> 0 s> A, (k) Simpler way to consider tunneling through energy barriers

1 2 > Transfer matrix: T-matrix

Bi(k) «— | M, | <— By(k) Generally /v,y > Scattering matrix: S-matrix
momentum conservation ) P p

. 2\ _ [Mi11 M2 1Y 1

—> relation between wavefunctions Transfer matrix: My ( Bz) B (m21 m22> (Bl) = bl (31)

My for a barrier width L height Vo k = /2m(Vy — E(k))/A
Inside the barrier V= Vie "¢, Wy = Wiet

Boundary condition: value Ay + By =V + Wh, Ay + By = e "FVp + "W,
derivative  ik(A1 — B1) = k(=V1 — W), ik(Az — Ba) = k(—e "LV; + ")

4 k2 2
Then My — <m11 m12) miy = [cosh(%:L) + ¢ ’:J sinh(kL) |,
mo1 M22 ) )
{ k + kK
S — inh (kL
is obtained as A “okk oM (L),
| M1 =My, Moz =myy, 1




Transfer matrix for rectangular barrier

Ay (k) ——> 2—> Ay (k)
1
Bi(k) «—— oo «—— B,k
2
My
4 = A2 . |m11| — |m12|2 . 1
f 2 _ .2 = = - = —
my1 = |cosh(kL) + ik - sinh(kL) |, Al M o
2kk B 2ikk
\ o ikz + K2 sinh(xL) 7  (k? — k?)sinh(kL) + 2ikk cosh(xL)
12 = — :
2k :
ma1 — mTQ KJmQQ == mT1 - r = & — _@ — (k2 + H:2) Slﬂh(l{L)
\ ? ) = — =

Aq mos  (k? — k?)sinh(kL) — 2ikk cosh(kL)
t, r : complex transmission and reflection coefficients

Transmission coefficient T = |t|?, reflection coefficient R = |r|?

Then the transfer matrix is expressed as M, = (i{n t/t —q/ﬁt )

12



Application of transfer matrix: double barrier transmission

T-matrix for well My = 0 exp(—ikW)
Al I AZ A3 A4
T VO T T *1‘3' - M B mi1 ap) €ikW 0 mii1 mi2
1 2 3 4
" _ (111 Ti2
MT MW T B T21 T22

Calculation of transmission coefficient

: 2 2 T = m?2, exp(ikW) + |mia|? exp(—ikW) (. mia = mb;)
my1 = |cosh(kL) + i o sinh(kL) |,
o iy . -
| mw*ikllf RN T 17, = ((Imaa?e®?e™™ + mig?e™ ) (Imar[Pe 2P e™* " + |myg|?e™™)
| mo1 =miy, ma = miy, = (Im¥; — [m12]*)? + 2|ma [*maal® (1 + cos(2(p + kW)))

=1+ 4|m11 |2|m12|2 COSz(C,O + ]CW)
1 1

- VATRE 1 + 4|mq1|?|m12]? cos?(p + kW)

T

13



Double barrier transmission

e cmnznep®tT
0.4 0.6

SZE/ VO

()
1 1

T — _
71112 1+ 4|m11]?|ma2]? cos?(p + EW)

Resonant transmission condition: zero points of cosine term

k2 — k2
1 . R — K~
(,D—l_k[[ — (n— —)ﬂ' (n: 1’2’) QO—arCtan 2,{:’4} ta:nh(ﬁ';L)

14



Transport experiment of double barrier conduction
Measurement scheme

Sample structure

N\ Resultat 4.2 K
0.55eV N\ , . ,
0.46 HS Source — ——
» » 5
<| |< — —> =04
<| < N\ :
2 _ =
8‘3(2) =1 | H4 eVsa Drain 50F 502 .
| N ~ " /
0.17 H3 0 < A
0.083 T:l o T T ] =
0.077 H2 3 - light hole . &
0.019 Hl1 'S 107 - ~ 55 H5
4= N ] [
GaAs | GaAs Q 0o ]
: . o . H1 L1
O 10" .
A : I
R (U : -
c . heavy hole 3 0 1 >
E 102 ] Vsd (V)
oz E/V,

STEM image Calculated transmission coefficient -



Application of T-matrix (2): Semiconductor superlattice

unit cell Schrodinger equation
< > d =W+L
h2d?
v | 7L [_ odr? T VKP(x)} v(z) = EY(z), Vke(z) = Vke(z +d)
Bloch theorem
Kronig-Penny potential: Vip () Vi (@) = ug (2)e™",  ug(e+d) = ug(z), =

s=—-N+1,--- N—-1

kW kW kW
Unit cell transfer matrix A (k) = ( © D) (M Tz (et mazet
| 0 e "’ Mol  Ma2 more " mose™ "

a; —s — Gy

by <— | <— bjiq (Z’Z:) = M, (Z") — etitd (Z"‘) Eigenvalues etX? (M : unitary)

Theorem: Tr(4) = Y (eigenvalue) —— €% 4 e % = 2cos Kd = TrMy = 2Re(e " W'm},)
k* — K?
2kk

cos [K(L 4+ W)] = cosh(kL) cos(kW) — sinh(kL) sin(kW)

The relation between k (free electron wavenumber) and K (crystal wavenumber)

16



Semiconductor superlattice
2 _ .2
cos [K(L 4+ W)] = cosh(kL) cos(kW) — ICQT’: sinh(kL) sin(kW)
L—0(W —d), Vo = 400 with VjL = C(constant)

&-function series with the coefficient C.
mC (kd) effect of superlattice potential

cos(kd) + TRHTZ sin(kd)| > 1

Raphael Tsu and Leo Esaki, 1975

cos(Kd) = cos(kd) + 727, Sl
:no solution — band gap

Around kd =nmr (n=1,2,--+)

n
|

sin(kd)

mC
72k
)

STEM image of
AlAs (30 nm)/GaAs (30nm)

superlattice

o
T
I |
>
I |
I |
1
|
|
|
|
I
:\1
I
I
I

NN\

cos(kd)+
i<}

@

5




Modulation doping and 2-dimensional electrons

©, AlGaAs:Si © AlGaAs
O © - o oV o
Al Ga,_.As :
|
_ A .
Q++ +Q |Ndep| |
_|_
SiE .
|

equation
GaAs
GaAs
B

4rre?
VD(Z) = szepZ z >0

Donor potential

Electric field of
sheet charge at z’ €€

4re? >
Vaa(2) = =€ i B) / ()P = 2|
€€p —¢

Heterointerface

_ Vi(2) = AE[1 — H(2)]
potential

Poisson-Schrédinger scheme

>  potential

{ Schrodinger equation
9

Boundary condition

¢(0)™ = ¢(0)®),

Ame? [

NdepZ - nQd(Ez)/

V(Z) = Vh(Z) +

€€D

e 0?

— + V(z)

2m*(z) 022

1 d¢@®)

~

— z’||<<z'>|2dz']
=L

1 d¢®

*
N

— *k
my 0z




Electron mobility in MODFET

Matthiessen’s rule (series connection of scattering)

Ttotal

Hall mobility [cm2V-1s1]

Fletcher et al., J. Phys. C 5, 212 (1972)

108

107

106

10°

104

103

—Z

7-defects

1

Tcattier

Tattice

f‘ F

Neutral impurity

. lonized impurity

s
w
*
,

102
T [K]

103

104

Htotal 3
Reduction of
Impurity scattering
by modulation
doping structure

Walukiewicz et al.

-3

Temperature [K]

Phys. Rev. B 30, 4571 (1984).

/-Ldefects Hcattier Mlattice
_—— e e e - .
— -'}:,: R~ Background impurity [ = == -
L +¢— Deformation potential | Optic:nlBhonoq‘
— .+ piezoelectric :\K
[ Remote lmpuuty \’ \ t
— — Inherent limit -‘\ T \
. \-‘ \ \¥,.
— — Total }Y\}%. \
= — X 3
: F e
S r AN
8
3 — Absolute limit
)
Z10° =
= -
B Gag7Alp3As-GaAs
B d=200A
10" |—
B Ll | Ll |
1 10 100



Formation of guantum wires: split gate

Metal gates
. 9) w _ e)
Depletion layer » >
\ ; I g
________ L_______#________
: V(x)A i
\ f
J

Two-dimensional
electrons N

Two-dimensional electrons are pinched with depletion layers from Schottky gates to a one-dimensional system.

I : . —0 r—w/2 T+ w/2
Electric field along z-axis can be approximated as £.(d) = 5 T + arctan ¥ /2 _ arctan y /
TEEQ

The bottom part of the confinement potential can be approximated by harmonic potential.

20



Self-assembled nano-wires

Core-multishell

Core-shell

Superlattice

Heterostructure
Nanowire P
growth . e
.
Nucleation % G. Zhang et al.
Metal Allo formation -
particle ! NTT technical
Review |

() Gold seed
particle

http://iemn.univ-lillel.fr/sites_perso/
vignaud/english/35_nanowires.htm

21




Core-shell nanowire transistor

top contact
nanowire

=1V

C d

-10 10-6 r

20 = |
g >
40 107

-50 _

ool Ves=2 M | —— V=~ 100 mV L. Chenetal.,

L% 4 3 6 ¢ oo o 10-12: g 5§ % § . Nano Letters 16, 420
20 15 0.5 0.0 -2 -1 0 1 2 (2016).
Vgs [V]

AD -
Ve V]



Carbon nanotube

Ny
X25,000 WD 3.0mm
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Quantum dots: zero-dimensional system

Quantum dots with
nano-fabrication
techniques

(a) (b) SEIE (c)

Top Gates

2DEG
side gate

Source

split gate 0.5 um
wrap gate with charge detector vertical type
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MBE growth modes
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Formation of quantum dots: Colloidal nano-crystals

Core — CdSe, CdS
Shell — Zn5, CdS, ZnSe
Amphiphilic surface

O @sess
Zn/Cd @5/Se

620 nm

>
~

Concentration of Precursors
(arbitrary units)

c
S
© A
g %
~|
=
... Nucleation Threshold

8
§1s3
: °5
c
= & Ostwald Ripening Saturation

Monodisperse Colloid Growth (LaMer)

Ll ' ~
Coordinating solvent

JLJAIA!!‘IA!]ALALIA‘LII

Time
(seconds)

400 600‘ 800 1000y gy pilizer at 150-350 ‘C

26



|_ecture on

Semiconductors / FiEAK

(Physics of semiconductors) 2021.6.16 Lecture 10
10:25 - 11:55

Institute for Solid State Physics, University of Tokyo
Shingo Katsumoto

-



Review of last week

» Band discontinuity at heterojunction

Chapter 7 Quantum Structure (Quantum wells, wires, dots)

» Quantum wells
» Excitons in guantum wells

» Quantum barriers



Modulation doping and 2-dimensional electrons

©, AlGaAs:Si o AlGaAs GaAs
O O o o' oV (o]
Al\G ap —xAS : GaAs
I
A I B
++ +0 |Ndep| |
+
s L
++ I I
D AE,

4 2
VD(Z) = %Ndepz z>0

Donor potential

Electric field of
sheet charge at 2’ €€o

Ame? a2
Vaa(2) = — = rpa(E.) f ()Pl = 2]de
€€Q —¢

Heterointerface
potential

Poisson-Schrddinger scheme
>  potential

{ Schradinger equation
Q

Boundary condition

V(Z) = Vh(Z) +

€€N

e 0?

— + V(z)

2m*(z) 022

Ndepz - n2d(Ez) /

1 d¢™

—£

1 d¢®)

¢(0)™ = ¢(0)®),

£
N

— *k
my 0z




Electron mobility in MODFET

Matthiessen’s rule (series connection of scattering)

_Z I S Z g ot L

Ttotal Tdefects Tcattier Tlattlce l"l'total B /"Ldefects lJJcattieI‘ l‘l’lattice
— Reduction of TN i =
| 08 — :‘/ Neutral llTllel'lty i mpu rity Scatteri ng E Ve Defc];[iglzg;?;lclt)rci);enrnl \/Opticnl phonon_
i ‘\‘ ',' ) ' ‘ - by mOd u I ati On [ Remote lmpuuty w \ 5
- oo ,- lonized impurity ) T Taherent T NG T, \
— 107 | NN doping structure _\.-; N
_IU': i ! “‘ \ ," _ ~ Total }Y\}%. \ \
:I> Yy ML 7 — \. "\ \
- - - ‘I ’ > —
'."JE 106 | W.r":'{‘:\ (‘:]; : \v’\.‘\.'. *
< P ) A S €
— — L’ ' = Soel ) . = = Absolute limit
E‘ i ‘% YRR Piezoelectric =
E B ‘:o‘ .\'é_._-_-\, E 105 —
2 10° ’ Deformation potential g =
= B Gap7Alp3As-GaAs
= i B d=200A
10* |- ~_ i =2
i Polar
| 10" |—
| 03 ] ] ] ] ] ] ] ] ] ] ] ] —
l 10 102 103 104 [ L 1 | I\I\Il 1 | | \IIII‘

—

T K] 10 100
Temperature [K]

Fletcher etal., J. Phys. C 5, 212 (1972) Walukiewicz et al. Phys. Rev. B 30, 4571 (1984).



Formation of guantum wires: split gate

Metal gates - " -
Depletion layer » >
1 , I 4
________ I .
/
: V(x)A i
\ {
J
Two-dimensional
electrons .

»

Two-dimensional electrons are pinched with depletion layers from Schottky gates to a one-dimensional system.

N : . —0 r—w/2 T+ w/2
Electric field along z-axis can be approximated as £.(d) = syl + arctan ¥ /2 _ arctan y /
TEee

The bottom part of the confinement potential can be approximated by harmonic potential.



Self-assembled nano-wires

Core-multishell

Core-shell

Superlattice

Heterostructure
Nanowire P
growth . e
-
Nucleation b G . Zhang et al .
Metal Allo formation )
particle ! NTT technical
Review l

() Gold seed
particle

http://iemn.univ-lillel.fr/sites_perso/
vignaud/english/35_nanowires.htm
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Core-shell nanowire transistor

top contact
nanowire

-

I

<
Q.

C ol as 5
-10 10-6 r
-20 Z
g = |
540 107}
50+ _
60 I V=2V ;; —Vds =-100 mV L. Chenetal.,
T S T T 10-12: S . Nano Letters 16, 420
20 <15 <10 <05 00 -2 -1 0 1 2 (2016).
V [V] Vgs [V]



Carbon nanotube

AL i
X25,000 WD 3.0mm




Quantum dots: zero-dimensional system

Quantum dots with
nano-fabrication
techniques

(a) (b) EATE: (c)

Top Gates

2DEG
side gate

Source

split gate 0.5 um
wrap gate with charge detector vertical type



Formation of quantum dots: self assemble

MBE growth modes

Frank-van der Merve

\olmer-Weber Stranski-Krastanow

®
$00.6/8,0,6.6.8.0.6.0.0
PR 5
OOOOOOOOOOOO0
OOOOOOOODOOO0

00’000 0eeeeeee

PP
OO0

S 5 BB o 5 B B BB

0/00/0/00/0 000000




Formation of quantum dots: Colloidal nano-crystals

Core — CdSe, CdS
Shell — Zn5, CdS, ZnSe
Amphiphilic surface

Oci  @sess
7n/cd  @5/5e

620 nm

>
~

Concentration of Precursors
(arbitrary units)

c
S
© A
g %
|
=
... Nucleation Threshold

§
5 £5
g |88
2| CE
= & Ostwald Ripening Saturation

Monodisperse Colloid Growth (LaMer)

5 l 3 el l N l i Rl l Al l el el

Coordinating solvent

2 | Y
200 400 600‘ 800 10004  gi pilizer at 150-350 °C

Time
(seconds)
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Optical devices with minority carrier confinement

n
»

>
(&
: _ 5 —
Window layer in solar cells S with Window
=
[<B)
c without Window
o B
AlGaAs | | nGaAs =
| | | O
| | | ‘
s E '
| | i Egq Photon energy 92
— | b
: : (b) .
| ® . Panasonic HIT
i i T | Heterojunction cell
| | |
IV o T N
| | N\
I I | Ultra-thin amorphous N
IE | | silicon layer % matler non-nomogeneous
i gz : i \‘ Sreat higherr:efficigncy
| | Egl
. |
i i Conventional crystalline solar cell
' !

Crystalline silicon wafer \

(a) Ega > Ega by

(c)

Non-homogeneous area
= loss of output



Light emitting diodes (LEDS)

Emission spectrum  I(v) o v%(hv — Ey)'/? exp —(hw — By)
kT
4 )
Quantum _ & o Tnr _ Ttot 1 _ i 4 i
efficiency fla = R 1mn+7 e Teot Tor Tr
non-radiative radiative

\_ J

Minority D.n D [ vV
) . . eltp0 hPn0 €
carrier Je TJn =e¢€ =+ exp —1
. . Le Lh kBT
diffusion -
Carrier recombinationin -, _ €nita 'exp eV \_ 4
depletion layer a 270 | 2kpT
Injection efficienc Y= i
J y je + jh + jR
4 . A
Internal quantum efficiency
Tiq = Mg
. y,

Mahmoud Mahmoud
Isamu Akasaki Hiroshi Amano

Prize share: 1/3 Prize share: 1/3

_I_

Mahmoud
Shuji Nakamura

Prize share: 1/3

Nick Holonyak Jr.

G
/7

P

ptype

20 0
—DGDD 3 '::FI':'.

hial=

G/pc} G_'E"'"—---‘:

ntype

e & @
III'I—

electran
L

band gap
Forbidden bandi

v alence band
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External quantum efficiency

absorption _ _ e (_ ax )
. /F,) Absorption loss Cabs = 1 —exp { ———
\ Fig — g \ 2
. 2 — I
Eresnel l ) Optical losses - Fresnel loss [ = (m +ﬁ2)
total reflection
X c i ici : : n
. Optical efficiency: 7ope L Total reflection loss >0, =sin"!—=
T2
[ External quantum efficiency  7lexq = "lopp’liq ]
10— 100 InGaN-based
g0 YAG
f% R
26 ﬁ@ﬂ 160 > Narukawa et al.,
. o JJAP 41, L1431
= 40 140 = (2007).
Windisch et al., APL 74, 2256 (1999). ‘ 20 120
GaN/InGaN/GaN I aDC
Textured surface AlGaAs/GaAs oL+ . 1 =¥
Fujii et al., APL 84, 855 (2004). 0 10 20 30

Current (mA)

Nexq >30 %
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Double heterojunction (DH) LED

p-(Al, Ga)N n-(Al, Ga)N Advantages of DH LED
p-GaN n-GaN High internal quantum efficiency
| n-SiC S
substrate » Narrow active region — high np product

» No need for doping in active layer — less
concentration of non-radiative
recombination center

InGaN » Diffusion of minority carrier to surface,
recombination centers is reduced.

Low absorption loss

» Energy of emitted photons is lower than
the band gaps of the top and the bottom
layers.

15



Laser diode

LASER: Light Amplification with Stimulated Emission of Radiation

|b) —O— Coherent state: Classical oscillating electromagnetic field
hw e VAVAVAVAY 2 P = mwyro cos(wot)
€-p= €- W
@) e
W #2

(c) stimulated emission Probability of stimulated emission Py (t) = {al€- p|b)[*nr—
ecohV 2
Energy absorption of media from the light (coherent state): £ = (N, — Np) Poo(7) v

This means if a state with N, > N, is realized, € < 0, i.e., the energy is absorbed from the media to light

Increase of amplitude of the coherent state: Bosonic stimulation

16



AlGaAs GaAs AlGaAs
S u nt
Feddback [\ P P
Media with ‘ )
inverted distribution EA
& Feedback
Egl
(a)
(b) -
A A
< : =5 Q0000
cleaved cleaved
f surface
surface A A
(c) Fabry-Perot type (d) Distributed Feedback type

ADL-65074TL-1 - Laser
Diode 655nm 7TmW

LASERS
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Quantum entanglement

w)=|A+[B)  [o)=|+[2)
A |B)

A o

Direct product ‘ \If> = ‘ w> X ‘ go> = ‘ A>‘1> + ‘ A>‘ 2> + ‘ B>‘1> +‘ B>‘ 2>

Maximally entangled state | ®) =| A)|1) +|B)|2)

Quantification of Entanglement?

von Neumann entropy (entanglement entropy)

Density matrix p = X |yY){y|
S = tr(plnp)




Boundary between classical and quantum

X1

2 2 2 2
Uy 0] = |1 + Pa|” = |1|* + |th2|® + 2|01 ||1h2| cos 6
?\\\

Environment wavefunction: y

\’

W, should associate with electron paths

V1 = P1 @ x1, Y2 = P2 ® X2
X2

Then the interference termis 2|1 ||12] cos O{x1|x2)

(x1lx2) = 1: Full interference

(x1lx2) = 0: No interference Particle-Environment maximally entangled

Electron transport:  Electron — Phonon inelastic scattering
Electron — Electron inelastic scattering
Electron — Localized spin scattering

20



Length limit quantum coherence (Coherence length)

Monochromaticity: Thermal length

Energy width: AE = kg7  Diffusion length: [ = v Dr

. AET kBT’T h
. = — — 271- . Te = ——
Phase width: 2nAfr = 2w - 2 - T
4 — N
Thermal diffusion length [y, = / —
kT
. - h’UF
Ballistic thermal length linh = ——
kgT
\ y
(Some) inelastic scattering time: Ti,q; Ballistic transport: linel = VF Tinel

Diffusive transport:

21



Conductance quantum

L R

S
1 1
| ot
! J! el
p ¢ HR
3 i
e e dE(k)

i(k) = 7 = s —op

kL L e [Hu e
J=/ jk—dkz—/ dE = —
kr ()27T h m h

(

G

L, R : Particle reservoirs

Thermal equilibrium:
well defined chemical potentials

Instantaneous thermalization:

particles loose quantum coherence

J

L: wavefunction normalization length

62

(b — pr) = +V

[ G = % = — = (G, Conductance quantum (

2e?

— = spin freedom)]

h - q




Conductance quantum as uncertainty relation

h

27 AE
Wave packet: Ak — Ax = —, v, = ——
Ak’ % hAk
. - _ 2 e Ak
Fermion statistics: electron charge concentration = — = ——
Ax 2T
e AE  ¢?
= — —V
Ax h Ak h .
Energy width: AE zeev 6\/2Vave packet width in time: At = AE = o
J = — —V
At h

Conductance quantum comes from fermion statistics of electrons

23



Quantum point contact (QPC)

B h (8:132 (

h? nm
Verr(n, 2) = 2m, (QW(:,E))
—1.0 —0.8 —0.6

Transmissible one-dimensional system: Conductance Channel Gate Voltage (V)

S R =

24
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Review of last week

V V V V V VYV V

Two-dimensional electrons at heterointerface
Quantum point contacts, quantum wires
Core-shell nanowires

Two dimensional systems — quantum dots
Self assembled quantum dots

Colloidal quantum dots

Optical devices with minority carrier confinement
Solar cells, DH LEDs, Laser diodes



uantum Transport

se: oeen . -t7eh
0 ipka et al. Science 2000;289:2323-2326




Quantum entanglement

w)=|A+[B)  [o)=|+[2)
A |B)

A o

Direct product ‘ \If> = ‘ w> X ‘ go> = ‘ A>‘1> + ‘ A>‘ 2> + ‘ B>‘1> +‘ B>‘ 2>

Maximally entangled state | ®) =| A)|1) +|B)|2)

Quantification of Entanglement?

von Neumann entropy (entanglement entropy)

Density matrix p = X |yY){y|
S = tr(plnp)




Boundary between classical and quantum

X1

2 2 2 2
Uy 0] = |1 + Pa|” = |1|* + |th2|® + 2|01 ||1h2| cos 6
?\\\

Environment wavefunction: y

\’

W, should associate with electron paths

V1 = P1 @ x1, Y2 = P2 ® X2
X2

Then the interference termis 2|1 ||12] cos O{x1|x2)

(x1lx2) = 1: Full interference

(x1lx2) = 0: No interference Particle-Environment maximally entangled

Electron transport:  Electron — Phonon inelastic scattering
Electron — Electron inelastic scattering
Electron — Localized spin scattering



Length limit quantum coherence (Coherence length)

Monochromaticity: Thermal length

Energy width: AE = kg7  Diffusion length: [ = v Dr

. AET kBT’T h
. = — — 271- . Te = ——
Phase width: 2nAfr = 2w - 2 - T
4 — N
Thermal diffusion length [y, = / —
kT
. - h’UF
Ballistic thermal length linh = ——
kgT
\ y
(Some) inelastic scattering time: Ti,q; Ballistic transport: linel = VF Tinel

Diffusive transport:



Conductance quantum

L R

S
1 1
| ot
! J! el
p ¢ HR
3 i
e e dE(k)

i(k) = 7 = s —op

kL L e [Hu e
J=/ jk—dkz—/ dE = —
kr ()27T h m h

(

G

L, R : Particle reservoirs

Thermal equilibrium:
well defined chemical potentials

Instantaneous thermalization:

particles loose quantum coherence

J

L: wavefunction normalization length

62

(b — pr) = +V

[ G = % — = (G, Conductance quantum (

2e?

— = G4 spin freedom)]

h




Conductance quantum as uncertainty relation

Space coordinate-wavenumber Wave packet: Ak — Az = ——

27

AL’
e eAk

Fermion statistics: electron charge concentration = =

Energy-time

Ax 27

J = €NelectronVg —

_AE
~ hAk

Ug

e AFE B 62V
Ax BAE  h

Energy width: AE = eV

. — h h
Wave packet width intime: At = — = —
Ve p Wi in ti t AR = oV
Fermion anti-bunching effect: .J = R év
J ' At h
< > hjeV

Conductance quantum
comes from fermion
statistics of electrons

Iél Iél |Qe||6|



Quantum point contact (QPC)

B h (8:132 (

Vet (n, 7) = ziib (2127;7(;))

Transmissible one-dimensional system: Conductance Channel

S R =

~1.0 -0.8 —-0.6
Gate Voltage (V)



Scanning tip conductance measurement

scanning tip

Tip image potential scatters electrons
— conductance shifts from quantized value
Scattering amplitude «< |]?

M. A. Topinka et al.,
Nature 410, 183 (2001)

10



Shot noise reduction on the conductance plateaus

Flow of single electron: Time domain: 6-function approximation

o0

Jo(t) =ed(t —ty) = e / e2mif(t=to) gf = 2¢ / ” cos 27 f(t — to)]df
0

—00
Current fluctuation density for infinitesimal band df §.J = d+/(J2) = %df — V/2edf
1 | |
' (672) = (Up + jqewb)(jp +jq6_w§) = Jg +]§ + 2jpjq cos @ = 35 +]§ =2 X (\@e)zdf
Flow of N-electrons (6J2) = N x 2e*df = 2eJdf (J=eN)  :Poissonian noise
a) b) 1 E c) 1.0 : .
= = i, o Dat
(:1:':) 3 <é g = 0.8+ ° S Mi:el 1
5 ' Y 2
g 1L 2 B = -] S 04;
soll . . ] 22 1 oz X e
© 16 14 12 10 1T i Rp >0 @
Gate Voltage (V) 0 0o - S -
Vg (LV) Conductance (2e2/h)

M. Hashisaka, et al., J. Phys.: Conf. Ser. 109, 012013 (2008) 11



Microwave and electron waveguides

Quantum point contact

Microwave waveguide

{
*

Quantum point contacts or
gquantum wires can be
viewed as “electron
waveguides.”

12



| andauer formula for two-terminal conductance

T=1 Scattering Tij <1
— > BEE—— > el |
reservoir reservoir | > | > !
L "l " '
o g = i > .| — .
(A \ c} HE < -/
I ! I >l | I
i O '
(V) : ) | !
</
(a) (b) Transition to other (¢)
channels
2
e

7

Electron spin Fermion antibunching \ Waveguide connection

Rolf Landaue
1927 - 1999




Scattering matrix (S-matrix)

A (k) — 0 —> A, (k)
T-matrix 1 2
Bi(k) «e— M <«—— B, (k)

Transfer matrix: My (?) — (211 El2> (?) = My <é1>
2 21 22 1 1

ai (k) —> <«—— a3(k)  incoming
S-matrix 1 S 2
by (k) «—— — b,(k)  outgoing

) = ()= (@ ) (i)

Complex probability density flux a; (k) = 4 //UFiwa,z' (kF)

14



Series connection of S-matrix

bl o S ai . ’I”£A)
by) 4 az) tiA)

aj a» aj ay
« | S, |— — Sg | —>
bl bz !}'3 b4

) (2)
r 1(%A) Qs )

t(B)> <a3> b2 — a’37 Ao = b3

B
b3 — S5 as\ _ T£) R
by a4 tﬁB) réB) a4
-1 —1
o [P (1) T D (1 Pe) e
AB — -1 —1
60 (1-ri®r®) D B y® (1) D

15



S-matrix

(A),.(B)\3

= (B)-I-( o (B))2+(TR L)+

-1
([ — r&A)riB)) =1 +rg’'r TR T1,

Multi-channel
bya,
(51\ /511 S1i
b = bz — Szl Sm
\bn) \Snl S'nz
Sij = Sji Unitarity

Reciprocity
(time-reversal symmetry)

S/I:n a; = Sa




Onsager reciprocity

Lars Onsager < |

- , -
RV + eA) +V|¢=Ey Complex conjugateand 4 — — 4 9031970

I 2m
(ihV + eA)?

2m

+V|er =By ((-B)} = (4(B)}

Scattering solution: Sc{a — b}  Sc{a(B) — b(B)} € {¢(B)}, i.e., b(B)=S(B)a(B)
b*(B) = S*(B)a*(B)
Sc{b*(=B) = a*(=B)} € {¢*(-B)} = {¢(B)} e a’(-B)=S5(B)b*(-B)

b*(B) = S~'(—B)a*(B)
S*(B) = S7Y(—B) = ST(—B) ( unitarity SST=S1S =1)




L andauer-Blittker formula Makus Biittiker 8
1950-2013

q7P
J17J27'”)7“’:t(ulau%”')
2e
Hq _ 2¢’
Vg = e’ Gpg = TTm—q then J, = Z[quvp — GVl
q
Z Jg = Z[G‘H’ —Gpl =0 Ggp(B) = Gpg(—B)

q q



Landauer-Buttker formula: Application to 4-terminal measurement

a1; = 2G,|—T1 — S_l(c%zl + F12)(Ta1 + F21)]
01y = QGqS_l(c%zc%A — J14T32)

Qg1 = 2GqS_1(%1<%3 — T3 T41)
oy = 2G|~ Tao — ST (Ta1 — Ta3)(Tag + T12)]

S=N9+ Ju+ 50+ T34 = Io1 + Tpn + o3 + T3

Vo = V4 21

7213,24 — —
J1 11099 — (12091

Rmn,kl (B) — _Rkl,mn(_B) Onsager reciprocity




Onsager reciprocity in AB ring

30F I |
Onsager's law for pon-local
four-terminal (30 mK)
25+ —1=4-6,V=7{5
—1=7-5 V=46
20+
9}_, 15
o
10~ 4 <5 |
5 ¢ >_©7 7 " " i
0 ] f L ]
-0.04 0.00 0.04

Magnetic Field (T)

Magnetoresistance: Universal conductance fluctuation including AB oscillation



S-matrix: Application to Aharonov-Bohm ring

0 —1/vV2 —1/V2 Oan 0 eifo
S, = _1/\/5 1/2 _1/2 Sap = (e?l%AB € 0 ) 3 H = Qqui — %Qﬁ Sw = (ewo (—30 )
—1/v2  —1/2  1/2 v

— St

/ SAB

Sy

0 b, ; ‘ "". ',' 3 ; ’ | ] i6
. y |kl /%0 : \/\/\/\
, 4 sin O B A j\ [
= . - - — 28 0 0,=0.4 J
1 _|_ EIHAB (EEEAB _|_ E?,Ei'n L 3Ei 15’0) (b) ) 1




Bunching and anti-bunching of particles

1 _ _ .
Two-particle wavefunction: Y(ry,r) = E[Qﬁ (71)p2(r2) £ ¢1(r2)p2(ry)]  (+: boson, —: fermion)
2 2
Probability of finding two- ()2 = 4 2101 FlgarE - (boson),
particles at the same position 0 (fermion)
2 |
: 6a(r)? SR N
Boson: bunching, bosonic 91(r)] &
stimulation — laser oscillation, Fermion
Bose-Einstein Condensation
> - >

(a) r (b) 2 =" T2

22



Waveguide for exciton-polariton

exciton-polariton hv hv hv hv

Chain of photon-exciton (photon-dressed exciton)
1 cycle ~ few fs

coherent propagation in solids photon— cavity photon "
GJ N
: : . : 4 = hoton
dispersion relation: light effective mass ~ 10™*Mgxciton é
1.615} ; = ~
o 10 pm e
1.61F E s 1 > o
1.605 " /U/ e ped| Electrode
E 1.6F o e i 2h0 o o Eexc il
sl L R GaAs clad A
® 459t BT e GaAs/AlGaAsSL 1
1.585¢ o B ///'/f/ Elp ] GaAs quantum well g
. GaAs/AlGaAs SL &
1.58) / | | | ] GaAs clad ..Q_.; } \
-1 -0.5 A/Z%Q 0.5 1 o,
(a) (b)
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Mach-Zehnder interferometer (voltage-type)

2 um

junction-FET type waveguide -

p-electrode
I

et polyimide L /, / /
 AlGaAs2 / !C A

GaAs 3 B

V2mE 2m(Ey — OF)
Kinetic phase shift with electric field: 4o = L [ . - \/ hk
SE: energy shift due to the depletion of quantum well
p-electrode

AlGaAsl
o
n-electrode n-electrode

\oltage control of optical output

Katsuyama, Hosomi, Micro. Eng. 63, 23 (2002). through interference

Normalized output intensity (dB)

Normalized output intensity (dB)

*o7v

-15

Applied voltage (V)

1 Vike-130dB
_15|||||||||I|

0 051 15 2 25 3
Applied voltage (V)

0O 051 15 2 25 3
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Mach-Zehnder interferometer 2 (optical control)

V2mEy  +/2m(Ey — 0E)
h i

SE: energy shift due to the barrier by optically excited carriers (quasi-Fermi levels)

Kinetic phase shift with electric field: A¢ = L

Sturm et al., Nature Comm. 5,
3278 (2014)

3 _10C
4 ¥ T T T -g % \. .....
€ _r32f i > & ] .
il 3 FE 1L N a" 7)) c ™
= = I's " g 8102
S "% 20 : E
8 Pc(mwz.'
< 1F u .
e | "
A Or- 1 1 1 .
0 3
“
8,
£
. 2
= £
; £
&
Sy OoooV =0.8 meV | =
(2] %, g
= % G
o o= >
£ =
1 g
o i<

40 -30 20 -10 O 10 -40 -30 20 -10 O 10 -40 -30 -20 -10 0 10
X (um) X (nm) X (pm)



Lecture on

§  Semiconductors / ik

. (Physics of semiconductors) 10:25 — 11°55

Shingo Katsumoto
L YRR L S (P 2 S N eV 7 o



Review of the last lecture

Chapter 8 Basics of Quantum Transport

» Boundary between classical and quantum (coherence length)
Conductance quantum

Quantum point contact

Landauer formula for two-terminal conductance

Scattering matrix (S-matrix)

Onsager reciprocity

V V.V VYV V V

Landauer-Bittker formula for multi-terminal conductance



Aharonov-Bohm effect

/I/

\e\
L
>
o,
(V)
|

St o

¥
v
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|
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|
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Onsager reciprocity in AB ring

Riju(B) = Ruij(—B)

0F . - - . — =
Onsager's law for pon-local
four-terminal (30 K)
25 1 ——1=4-6,V=7{5 _
——1=7-5, V=46 .
In the case of two-terminal measurement
' (B) = R(—B)
< 15 A
o
10 4 : =
5+ 6 >O< 7 ‘ " -
0 ! ] f ! ]
-0.04 0.00 0.04

Magnetic Field (T)

Magnetoresistance: Universal conductance fluctuation including AB oscillation



S-matrix: Application to Aharonov-Bohm ring

0 —1/vV2 —1/V2 0 eifas b e 0 eifo
S, = _1/\/§ 1/2 —1/2 Sap = (e’iQAB 0 ): QEQW(b—:ﬁqﬁ Sw = (e?‘,QO 0 )
~1/vV2  —1/2  1/2 v

— Sps [ — Sw
— S,
(a)
SAB
S St St —
SW

. u \.' ; ‘ "'. ,' | ‘.\:.,3,-;. o : »
t 4 s1n 6y T e N b [
— . - . . N .l.._'.""l
1 + EIHAB (EEE‘IAB + El@ﬂ L 36—19{.) s e ec:o-.‘f\ J
(d) |




Disappearance of electrons?




Bunching and anti-bunching of particles

Two-particle wavefunction:

Probability of finding two-
particles at the same position

Boson: bunching, bosonic
stimulation — laser oscillation,
Bose-Einstein Condensation

Fermion: anti-bunching,
conductance quantization, shot
noise reduction

¢("°177’2)

|w(rla T1)|2

|¢1(7)|?

1
= 5l01(r1)da(ra) £ 61(r2)da(r)]

0

|2 (7)]

bo

{m(rn%w (boson),

(fermion)

|’¢)(T1, 7'2)'2

(a)

(+: boson, —: fermion)

Boson

Fermion

10



Waveguide for exciton-polariton

exciton-polariton hv hv hv hv

Chain of photon-exciton (photon-dressed exciton)
1 cycle ~ few fs

coherent propagation in solids photon— cavity photon .
L N
: : . : 4 = hoton
dispersion relation: light effective mass ~ 10™*mgxciton E
1.615¢ ; = y
o 10 pm o
1.61¢ . s N o
1.605 " /U/ e ped| Electrode
B, Bl  gh| " / E. .1
g 1.595 L /_/_/ - ____A_.._.._ ] GaAs clad A
® 150t AT kT GaAs/AlGaAsSL exciton
1.585¢ o B ///'/f‘/ Elp ] GaAs quantum well g
e GaAs/AlGaAsSL
1981 / | | ‘ ] GaAs clad ,.Q_,o) } \
-1 -0.5 A/Z%Q 0.5 1 =y
(a) (b)
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Mach-Zehnder interferometer (voltage-type)

V2mE 2m(Ex — OF)
Kinetic phase shift with electric field: 4¢ = L [ 5 . \/ hk
SE': energy shift due to the depletion of quantum well
p-electrode

junction-FET type waveguide

p-electrode
I

AlGaAsl
polyimide

polyimide

AlGaAsl

n-electrode

]
n-electrode

\oltage control of optical output

Katsuyama, Hosomi, Micro. Eng. 63, 23 (2002). through interference

Normalized output intensity (dB)

15 2 25 8
Applied voltage (V)

0 05 1

Normalized output intensity (dB)

15 2 25 3
Applied voltage (V)

0 05 1



Mach-Zehnder interferometer 2 (optical control)

v 2m(Ey — E)
h
SE': energy shift due to the barrier by optically excited carriers (quasi-Fermi levels)

\V4 27’]’LE1€
h

Kinetic phase shift with electric field: 4¢ = L

4 =1 T IB'
ciEr T e
G 2l 0 20 L." J
[0)) Pc(mwz."

9]
< 1+ = -
= | "
A 0?. 1 L 1 N 1 A
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Sturm et al., Nature Comm. 5,
3278 (2014)
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Exciton-polariton condensation

— L. U e,

. o 0.8
-
8 0.6}
&)
L
© 0.4
0.2
substrate (bottom) DBR (top) DBR 0
cavity (with QW)

N

- (1— Ry)(1 — Ry)
1 = VRIR:]? + 4V/R Ry sin*(¢/2)

w

refraction index n <
w
()]

N
&)

Deng, Haug, Yamamoto, Rev. Mod. Phys. 82, 1489 (2010).

750 800 850

wavelength (nm)

700

IE, |2
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Energy

Byrnes, Kim,
Yamamoto, Nat. Phys.
10, 803 (2014),

Exciton-polariton condensation2

C
Pump lase
15 DBR
Quantum
| wells
Exciton °° oo DBR

Energy (meV)

] \
] ‘Q/\v
] ~

Upper polariton (UP)

Cavity

photon
\\

Lower

polariton (LP)

Momentum (k)

Polaritons per mode at k~ 0

-10 0 10 20

Emission angle, 8 (°)
20 -20

-20 -10 O 10

2B =2 =1 O 1 Z 3

In-plane wavevector (104 cm™)

=3 =2

=]

-~ a-- Polariton laser,
T8 r Ep =1.6166 eV
-~ e-- Photon laser, .
i &
- Ecay=1.6477 eV oa* .-
102 ¢ A 3
£ ‘A-‘". ......
[ e oorores
101 E “ ------ KK
E o™ e 'y XSS
b A
oF A R
10 E A"‘ 020020
Fa- Sosetese
ak oseses
10 No inversion 2 << Inversion
< - ;

10 1010 10"
Injected carrier density (cm=2)

1012

0

1

0 ~ ¥ ¥e apow AyAed 4ad suojoyq

2 3

15



Single electron effect

/77777 /77777

Millikan’s o1l droplet experiment

62

= > knT
oc ~ B

Coulomb blockade

N

O

Qil sprayed in fine droplets

¥ v

Telescopic
eyepiece

Charged oil droplet
\under observation

X rays to produce
__|| charge on oil droplet

Electrically charged
brass plates




Role of power sources

C J A

—e/2 /
®) p / e/20 V.
AT

Power sources: Automatically supply energy.

Energy — Enthalpy H=U-PV



Constant interaction model, capacitor model N
Constant interaction: U TIN|
Electron number:N g — L7 = N(N-)U _UN-1/2)* U FErg| UJ/,,» Er
Interaction energy 2 2 8 5@
Chemical potential AE,(N)= (N —1)U S MO I
N-1
Charge relations Q1+ Q2= —eN, Qi =CVy, _Ne
Q2 = Cg(vd — Vg) QZ | |
Electrostatic energy  E = §CVd + ng(Vd — Vg) | |
Q1 . Ce
2 2
Enthalpy  g(n _ (Ne — CgVy) _ (Ne — Cy V) d @
(V. Ve) 2(C' + Cy) 2 C
dH  e(Ne— CgVy) _ 9B (N— Cng)

Chemical potential AN =~ 57 = C. 7777 VA
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Coulomb diamond

\_J

|

\_J

AN

(a)

VsdA

(d)

()

()

(c)
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Coulomb oscillation and diamonds

Conductance (e2/h)

Conductance (ezlh)



Quantum confinement H(N,Vy)

Zero-dimensional confinement to a guantum dot gives
shifts in Coulomb peak positions.

_ _ . o
El) EZJ'";EN) EN+||. N+2 AAEN+1 EN+1
EN+1 A a
N
| | ev || Aey
Enthalpy shift by quantum H(N) (Ne — CgVy)? )
confinement 20, N

Chemical potential shift AH(N,N +1)=H(N +1)— H(N)

1
:Ois{(N+§)€_Cng}+A€N

AGN = EN+1 —EN

Shift in gate voltage Vox(N,N +1) = Ci {(N+ %) e 4 %AEN}
g (&



Quantum confinement effect in a vertical quantum dot

/Source (n-GaAs)

jDot (InGaAs)

(a)
/ y. fk - (©
Gate / ur ......
20 o
jﬂ% Drain (n-GaAs) ~
El
5 10f =
~ =t
9 12 16 < 2F
-0 2 4 |6 | ! !
b | )
N S AAEME , UUL . . . . .
1.5 1.0 0.5 0 5 10 15 20

Gate Voltage (V) Electron Number (N)



Two-dimensional harmonic potential

\\\“? Potential shape: V(z,y) = %( 2 +9?)

2 2
Easy solutions from1d ¢, ,, = Aexp [_ mw(z” +y )] H,. [ @x] H, [ @y}
harmonic potential 2h V & h

Eigen energies: E(ng,ny) = (ngy +ny + 1w = (ny + 1)hw ny +ny,=n =0,1,2,---

0 Y 4 2 2
y ) 1
y \
2 2<\\ 2 \
e
e g -2 21/ -2
-4] | 00 |, 4l |
6 F 4 2 0 2 5y o I
y y] ] v \
2 2,\/ 2 /3
—_ 7
% 4+ 0 0] \) ol
: < —
o -2 —2‘\ - —2'\,\
h:%l h F 4 2 0 2 x \
<q2r
For fixed ny n, =0,1,2,---,n:  n, + 1 degeneracy
0

0 5 10 s 20 With spin degeneracy: 2, 4, 6, 8, ---

Electron Number (N)
N=261220, (n+1)(n+2),-



Quantum dot in magnetic field

Hamiltonian with B = (0,0, B)

Expansion of the kinetic energy term

Definition of cyclotron frequency and composite
harmonic confinement potential frequency

The Hamiltonian is rewritten as

Fock-Darwin state eigen energies

E(n,, 1) =hQ2n, + || + 1) + hwl/2

_(pteA)P? mo,o5 By Bx
H = - + —w(z*+y°) A= 2,2,0
(p+ed)? B[O N 0?

2m  2m \ 022 Oy?

iehB 0 0 e’B* ,
" om (a—y‘%) sm & )
c,uczg Q= /w? + (we/2)2
m
PV Q(2+ 2) 4 CAZ_% +wcﬁz
~ om | om Y o~ 7T T



Quantum dot in magnetic field

%//
é 8%/%/ g (p+eA)? B (& N 0?
= ST 2m om \ 0z2 = Oy>
S // 2 2
c % iehB 0 0 e‘B
= |5 1 B o g 2 2
”” o (35 vam) +
e — B
4 wcze— Q= Vw? + (we/2)?
N=12 . ‘ —] . m \/
h2 2 Q cf/z C[A/Z
2 - H = Qv +2_(sc2+y2)+w2 :%@erz
Lowest Landau - m m

0 1 5 3 2 5 E(n,, 1) =hQ02n, + [I| + 1) + hwel/2



Fock-Darwin states

/ 2nd 1
/ 1st
3 |\ gLy
< 8 @32}7’4/ / %
= KN 5 |
= KR
T | LV Y A d
Ll 6 S %A’
LXK
SO
VA‘A’A”%
4 v w&
N=12 ol

12 |
44// 7 /
10 %%é/éz/ ///

o
H_
N

4 5

Level crossing points
152, 2 1 —0.5
(—C) =n; — 2+ —
W nr,
n; . Landau index N
=1,2,.... S
Z
(a
«
&
>CD
~1.5

* : Solutions

=% & |
.
. 6
[ J
o 4
[
2
N=0
] " ] " ]
1 2 3

Magnetic Field (T)
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Review of the lecture In the last week

» Aharonov-Bohm effect and quantum transport

» Bunching and anti-bunching of particles (bosons and fermions)
» Waveguide propagation of exciton-polaritons

» Bose-Einstein condensation of exciton-polaritons

» Single electron effect in quantum dots



Review: Single electron effect in transport through guantum dots

(Ne — C,V,)? (Ne— C,V,)?
Enthal = s 8/ — S S
nthalpy 2N, Vo) = St ) 2C.
/()\ /O\ . (N_Cng)z H(N, Vg)
O I
M ™ M) M
| | |
HUN+2 I I |
HN+2
EF L + >EF EF‘ J EF I | |I/g
@ HN+1 A ] | | |
HN+1 ' ' !
® I | |
. @ KN | | |
HN o I, )I Yy
M ) /A
—o— N-1 g
-1



Quantum confinement H(N,Vy)

Zero-dimensional confinement to a guantum dot gives
shifts in Coulomb peak positions.

_ _ . o
El) EZJ'";EN) EN+||. N+2 AAEN+1 EN+1
EN+1 A a
N
| | ev || Aey
Enthalpy shift by quantum H(N) (Ne — CgVy)? )
confinement 20, N

Chemical potential shift AH(N,N +1)=H(N +1)— H(N)

1
:Ois{(N+§)€_Cng}+A€N

AGN = EN+1 —EN

Shift in gate voltage Vox(N,N +1) = Ci {(N+ %) e 4 %AEN}
g (&



Quantum confinement effect in a vertical quantum dot

/Source (n-GaAs)

jDot (InGaAs)

(a)
/ y. fk - (©
Gate / ur ......
20 o
jﬂ% Drain (n-GaAs) ~
El
5 10f =
~ =t
9 12 16 < 2F
-0 2 4 |6 | ! !
b | )
N S AAEME , UUL . . . . .
1.5 1.0 0.5 0 5 10 15 20

Gate Voltage (V) Electron Number (N)



Two-dimensional harmonic potential

\\\“? Potential shape: V(z,y) = %( 2 +9?)

2 2
Easy solutions from1d ¢, ,, = Aexp [_ mw(z” +y )] H,. [ @x] H, [ @y}
harmonic potential 2h V & h

Eigen energies: E(ng,ny) = (ngy +ny + 1w = (ny + 1)hw ny +ny,=n =0,1,2,---

0 Y 4 2 2
y ) 1
y \
2 2<\\ 2 \
e
e g -2 21/ -2
-4] | 00 |, 4l |
6 F 4 2 0 2 5y o I
y y] ] v \
2 2,\/ 2 /3
—_ 7
% 4+ 0 0] \) ol
: < —
o -2 —2‘\ - —2'\,\
h:%l h F 4 2 0 2 x \
<q2r
For fixed ny n, =0,1,2,---,n:  n, + 1 degeneracy
0

0 5 10 s 20 With spin degeneracy: 2, 4, 6, 8, ---

Electron Number (N)
N=261220, (n+1)(n+2),-



Quantum dot in magnetic field

Hamiltonian with B = (0,0, B)

Expansion of the kinetic energy term

Definition of cyclotron frequency and composite
harmonic confinement potential frequency

The Hamiltonian is rewritten as

Fock-Darwin state eigen energies

Degree of degeneracy atB =0

E(n. 1) =hQ02n, + [I| + 1) + hwl/2

2n, + |1] + 1

A)? By B
= (p+eA) +mw2(x2+y2) A — (__97_3770)
2m 2 2
(p+ed)? B[O N 0?
2m  2m \ 022 Oy?
iehB 0 0 e’B* ,
" om (a—y‘%) sm & )
We = b Q= /w? + (we/2)2
m
2V M2 40P 4 L. » wel,
~om 2 WY 2 ©T Ty



Quantum dot in magnetic field

2 — W —

0 1 5 3 2 5 E(n,, 1) =hQ02n, + [I| + 1) + hwel/2

2ny + [1] + 1



Fock-Darwin states

0
K
“‘Xv‘\ AR
}‘\4

E(n )/ho
i
g\
\

N=12

4 5

Level crossing points
2 1 —0.5
(&) =n; — 2+ —
W nr,
n; . Landau index N
=1,2,.... £
=+ (Ul+D/2 -
(a
g
>CD
—1.5

* : Solutions

=% & |
.
. 6
[ J
o 4
[
2
N=0
] " ] " ]
1 2 3

Magnetic Field (T)






Review: the Hall effect

N\ Edwin Hall [ SR |
\V/ T 1885-1938 |

Longitudimv B

voltage ®

+++++ +++++++++++++HH+H+| [+t

X B
qv < By

Current
s, V)

\ Transvers voltage
qEy Hall voltage

(longitudinal voltage) (Hall Voltage) _
R,, = (longitudinal Ryy = (Hall resistance)
(current) resistance) (current)




Integer Quantum Hall Effect |

1 ' I ; I ; I T " 4 0.3
v=]1
10.2
)
2DEG 50mK =
o
10.1




Birthday of quantum Hall effect

5.2.1980 BIRTHDAY OF QHE
(at 2 a.m.)

Resistance at B=0
Resistance at B=198 T

‘Hallresistance

'  GATEVOLTAGE

e (
[P S $
97 (C )
r4 "t
A >~ - cfs) — 2
i I‘) / \/‘ c""__ wi rel —
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,EL- 24 2»' 3 : j i e g 2
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My o o Nz (g59,71)
L e =i 2K S jv
5 (e
q 2 ﬁ% L J‘r L\ 1,/
v T e_e'y ‘ .e,_ -" -
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IQHE and Landau quantization

Energy —

DOS —

—  pyy (h/E?)
1.0} _
— p,, (@arb units) M
0.8 |
0.6 |
0.4}
0.2}

L ]

%22 6 8 10 12
Magnetic Field (T)

From Wikipedia



Hendrik Lorentz |

Two dimensional electrons under magnetic field

) 1853 - 1928
d“r
Lorentz force (magnetic field onl — =—ev X B
@ Cyclotron motion r = R + rg(cosw.t, sin w.t)
B
] We = il cyclotron frequency, rg = 2. cyclotron radius,
m We
R : guiding center
T This can be viewed as a motion in harmonic potential.

d*r
With electric field Mg = —e(E +v x B)

R: Moves vertically to E with constant velocity E/B

Quantum mechanical Hamiltonian (no external electric field)

= Tp o PHeA?  w_ mAm,
97 T 7 om om  2m T=p+eA




Landau quantization (two-dimensional)
4 h2 )
Commutation relation  [Ta, 8] = —ihdag (o, B = ,y), |72, 7y = —i—

Magnetic length [ = \/ \[,/ Po (271%)B = ¢ = E
eB e

Space coordinate operator 7 — (wy, — ) Lev Landau
T 1908 - 1968
Guiding center operator R = (X,Y), [X,Y]=il?
[ [
down/up operator @ = — (7, —im,), a' = —(m, +im
. Y
Remember:
1-d harmonic oscillator /% _d_2 +q¢®>)¢=E¢ downlup operators a,a’ = 1 ii +q a,a'] =1
2 dq? ’ V2 \U dg ’ ’
f £ L 1
la,a'] =1, = hw a+§ E, = hw, n+§ (n=20,1,2,---)



Landau quantization: Landau gauge

Diagonalize X : Landau gauge A = (0, Bx)

2 2 02 2
Schrodinger equation 7)) = (p+ed) P = — L !ﬁ . (—zhag + eBac) p(r)
Y

2m 2m | O0x?

— L [—h2v2 — 27JheB::c2 + 6232x2] p(r) = Ey(r)
om Yy

Plane wave solution alongy +)(r) = u(x) exp(iky)

[ & (eB) ($+ik)2

eSS 2m, dx? 2

[ R d? mw?(x 4+ l%)?] u(z) = Eu(z)

" 2m da2 2m eB

. L 2
Harmonic oscillator solution ;. () < H, (w lmk) exp (— & 2;’“) ) exp(iky) (zi = —1%k)

x-direction Gaussian center X =z, = —I*k = —I*p,/h

dE

—
dk

y-direction group velocity =0




Landau quantization: forms of wavefunctions

Diagonalize X Diagonalize X?> + Y?  « Symmetric gauge
A=Bxr/2



Shubnikov-de Haas oscillation

0<X<W, = -W,I?<k<0

Number of states in S = W, X W,
wW,/1?> S
2 /W, 272

“Distance” of k-values In y-direction: 2m /W,

L 650713

1

PL = 27?2

. Filling factor (number of Landau levels filled with electrons)

A (E)

| hitg=0

_ 0.147i,

0.62

1

\

(N+1)fiw,

(N+2)iow, (N+3)iiw, (N+d)fio,




SdH oscillation (example)

~

AlGaAs/GaAs 2DEG

45mK

| A(1/B)=0.281 (T}

n=1.7x105m=2

N

n

~

(I/B), (T) (peak position)

AN (peak number)

- 4.83 x 10™
A(1/B)

(m™)

NN —

$poA(1/B)



| ocalization/delocalization of wavefunctions

EEEEEEEEE

Ol LE) ¢

+++++
N=0 o

/

D(E) delocalized

A
A \o

Localized

M\

\

\J

A

fio,
§(E)™' =a(E) x |[E — Eyl®

Numerical simulation s=2forN=0

Aoki & Ando, PRL 54, 831 (1985).



Edge mode explanation of IQHE

mo \
U(x) 2 (=%

E2x |
ElX III
EOx - /I
NS

—W/2 W/2 X
(X, Y)T" y Sample © i(X, Y)

t s ol

T > X J

A E
Ha

A

In an edge mode, the group velocity appears because

the energy levels varies with x.
dE 1% dE

W) = 5ak = " h dx

Current brought by a Landau edge mode

X
w L,dX e e dFE €
J = y S axe =Su—-E

/XG w2 I, T / ax ~ pnEo)

One dimensional system:
Landauer formula is applicable

J,  e(Ja—Jg) €
Oa:y = — = —
V:c HA — UB h

Chiral edge mode: No backscattering!



Explanation from topological aspect

Bloch electrons under magnetic field: tight binding model

Translational operator: Trf(r) = f(r + R), Tr=exp (%R : p)
. RV?
Hamiltonian: I = — + V(r)
2m
— simultaneous diagonalization — Bloch states
1
H = — AP +V
——(p+eA)* +V(r)

A(r) = A(r + R) + Vg(r) does not have translational symmetry
Magnetic translation operator p — p + ¢ A

Symmetric gauge A = B x r/2

[/

Ter = exp{ﬁR- [p+ g(r X B)}} = Trexp [

1€

h(BxR)-g]

[%7 TBR] =0



Magnetic Brillouin zone

B
However TBRaTBRb — eXp(27Ti¢)TBRbTBRa, ¢ m— %ab

¢ =p/q : rational number

Magnetic unit cell: unit vectors (a, b) — magnetic unit vectors (qa, b)

Lattice vector : R’ = n(qa) + mb Tgg,: elements commute

Y: simultaneously diagonalizes H and Tgp,

Magnetic Brillouin zone: 0 < ky < 27/qa, 0 < ky < 27/b

Tya+v¥ = expli(kzqa + kyb)]w

Magnetic Bloch function:  4),,5 (1) = e*Tu, 1 (1)



Magnetic Bloch function

LT
unk(aj + qa, y) — €XpP (Z%> unk(xa y)7
TTOX
’U,nk,(fl?, Yy + b) = €XPpP (_Zq%) unk(xa y)

Unk (1) = |Unk(r)| explib(r)] P=—5— ¢ dl-—2

Remember k-p approximation peikr = eikr(hk D)
(p + eA) ™ U (1) = e*"(hk + p + e A)* Ui (T)

Schrodinger-like equation for u,; (1)

1
Tk (1) = Eppinr (1), G, = —(—thV + hk + eA)2 + V(r)

2m
k- dependent Hamiltonian



Kubo formula for o, Ryogo Kubo

1920 - 1995
Electric field along y-axis: E
eby|a
= o) + 30 L
/ B+a B

Unperturbed state
-1 (a|(—evs)|B)(BleEy|a)
Je = 73 za:f(E |jx|05 73 Zf Z E. - B, + c.c.

B

——(Ea — Eg)(Blyla)

(Bloyla) = (Blila) = —1 (Blly, 7

L
||
ot




Magnetic Bloch function (1)

Velocity operator: v = (—ihV + eA)/m
Unk(T) = |1, k)

qa b
(n, k|lv|m, k") = 5kk// dx/ dyu VUi = Opier (n|V|M)
0 0

qa b
Normalization: / dg;/ dy|tnk(r)]? = 1
0 0

(nfvs|m) = = { n |22k (nfv,|m) = ~
. —hnakmm,nvym—hn

m) = (B~ B,)

074
ok,

8’U,m a/U'n

j=xy

0F%,
ok;

(1




Kubo conductivity calculated with magnetic Bloch functions

Oy = —i Zk: zn: f(Enk) m%é%) (Bt — Emp)? C.C.
'62 B aun aun aun aun
kE n m(#n) - ! ’
e2 I 8?1,” 8un aun 8un
== Zk:zn:f(Enk) [< ok, 8ky> B < Ok, | Ok, >] |

. 2
Vector field: App = / A" TUpp V kUnk = (Unk| Vi |Unk) Berry connection

2

e’ 1 Z
o Y h 2 /I\;IBZ Vk % k h 27'('?/ »/I\;IBZ rO k k]

E,.<FEg E.<Er
Berry curvature



TKNN Formula

Existence of zero or anomaly
1 2 2 II I dk
_ _ _ I=—,[/dk[rotA]kz+/dk[rotA]kz]z% (A" - A" . —
Magnetic Brillouin zone 2me LJ; I oH 2
On the boundary 9H U}{, — ugew(k)
2nt/a
. dk
! o I = ]{ (e | Vilug) + (iV50) (g Jug) — (| Vilug)] - 5=
R . 271
Apb .
v = SH — vg : Chern number (integer)
T
Topological invariant
r ™
0 Ky 21/ ga 62
Oxy = VCE
N Y

Thouless-Kohmoto-Nightingale-den Nijs (TKNN)
Formula



Laughlin’s discussion

Robert Laughlin

Landau gauge A = (0, Bx — ®/L,) = (0, B(x — ®/L,B))

. . o o L
Magnetic flux @ : X shift X — X . ——= (N, =nyL,L
g +LyB QbONL ( L ny, y)
. J, 10E;, L
]yzL_izL aqf (cf.E=§J2,<I>=LJ)

1 AE}, 1 L.\ N, o2
- =7 \- z — VT Cx h =
Lm A@ L:L‘ ( 68 NL) ¢O v h g Chern number 1



Summary of “topological aspect™

(a) In 2D system under magnetic field: magnetic Bloch functions,
magnetic Brillouin zone

(b) Kubo formula for Hall conductivity: matrix elements of velocity
operator

(c) From (a) and (b) Hall conductivity is obtained as the integration of
Berry curvature over magnetic Brillouin zone

(d) TKNN formula: Chern number (topological invariant) times
guantum conductance

(e) Chern number is integer (due to single-valuedness of atomic part)
and non-zero in quantum Hall system (Laughlin’s discussion)
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Bulk-Edge correspondence

(a) Insulating State (b) (C)
OB OB ORI \

@ @ @ 1IN

Cop (o Cop | meeeme |

—1t/a 0 k —m/a

(d) Quantum Hall State (€) (f)

QQQE
Q5% |
QQQ -n/a 0 k -m/a

Hasan & Kane, Rev. Mod. Phys. 82, 3045 (2010).

>

Transition between bands with different Chern number only can attained
through energy gap collapse.



Fractional quantum Hall effect
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Laughlin state
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What we have seen
Semiconductor basics

Y

Band structure

Effective mass approximation

Carrier statistics

Electron-photon couplings

Thermodynamics

Semi-classical transport (Boltzmann equation)

Spatial modulation basics Modulation doping: pn-junctions
Schottky junctions, MOS junctions
Hetero-junctions

Quantum confinement

Quantum wells, wires and dots

Minority carrier confinement

—
=

Quantum physics in
semiconductors

Fermion transport: Landauer (-Buttiker) formalism
T-matrix, S-matrix

Boson transport, Bose-Einstein condensation

Quantum dots: Single electron effect, guantum confinement
» Quantum Hall: Edge mode, topological number

V.V V.V EENESNENESVENE V V V VYV



Part of topics

Charge (kinetic) freedom Laser diode Quantum confinement

oo e

b —&e_ :

<o e+k° i I‘%e_ﬂe c

L_Soet | i|_§e—l—> I
AP AP

VB

Semiclassical transport

B® v=1

Rt (Ve

2DEGS50mK

Si technology: FINFET

Quantum Hall and topology

In solid state physics Quantum dot: single electron, quantum confinement

Conductanc



Spintronics | .

Spin injecti

. . X
K . . - °
a3 .- B e . ) i g )
. . Py 3
» - . . P T e 3

x5 i £ . X - _ . - -

". - ™ & e $ < p 5
i - - . ¢ - . = g S 4



Spin degree of freedom: A new paradigm

Charge (kinetic) freedom Spin degree of freedom
e+%0 © N — - ]
e ‘”\ e = % Glant magnetoresistance
L Soe | o& ac=l> IE!D Spin valve
AP AP Spin injection

=7 &
A\

Spin-manipulation of
‘ ‘ quantum information

D(E)

D(E)
D(E)
D(E)

E

Topological insulators




laureates

NS
John Bardeen

1956

o from the Nobel

Foundation archive
Walter Houser
Brattain

William Bradford
Shockley

Photo from t! 2
Foundation archive

Klaus von Klifzing

Foundation a

Leo Esaki

1985

Photo from the

Foundation z

Horst L. Stérmer

Daniel C. Tsuf 1998 AR kAs

m the Nobel

na

Heeger l-iideki Shirakawa

Alan G. Macbiarmid

Herbert Kroemer Alan J.

2000 (Chemistry)

Charge (kinetic) freedom

Spin degree of freedom

Foundation. Photo © The Nobel Foundation. Photo: Media AB. Photo: A

2010 ;David’:l Thouless 2016

U. A u. ontan
Andre Geim Konstantin
Novoselov

Prize share: 1/2

ndation. Phe

2007

U.M

Albert Fert

U. Mo

Peter Griinberg

© N edia AB. Photo: A.

Mahmoud

ud

Hiroshi Amano Shuji Nakamura

2014




The two current model Nevill Mott

. _ _ _ _ 1905-1996
Divide a current to the one with T spin and the one with | spin.
1 1 1 2n.T
o=or+to, —=—+— Drude: s = ——— (s=1,
B 05 = 8=

Condition: spin diffusion length A; > [ mean free path (or other lengths)

. . . J+—J et -
Spin polarized current: Jpr = J+ — J P.= "+ ="7= Jps = 0sE —eDs(—Ving)
AL pT AT g+ + 7 i drift diffusion
Einstein relation for metals: 0s = € Ns(Er)Ds (cf. 0 =e€*(n/ksgT)D)

€. local Fermi energy, é¢, : Shift from thermal equilibrium

Os

DS 5 S S
[quﬁ— Vn] o

= Z5[—eV + Ve,

j:
° e O e

Ly = —ep + €5 Spin-dependent chemical potential Js=——Vis



o, 2.0 p 2 (3)

Remember Boltzmann equation ot " m*  Or Op ot
Because spin carriers are dipoles it is difficult to apply forces (needs magnetic field gradient)—Diffusion current only

b, h . :

Spin current (simplest) definition 3°(r,t) = 2(—_6)(31\ —J)

Angular momentum conservation % +divj® =0
0s,, o s, h _ , h (dny  Ony

i i i div 1° = : — S —
With spin relaxation o +div ) By + 2(_6)V Jy—3J) 9 ( T T )
cf. Charge conservation 9p + divj = 9p +V-(jr+4,)=0

ot ot T

Steady state Nyt = N 14

e - 1
spin diffusion equation V3 (orur + o) =0, V2 (up — py) = TOE (e — py)
st

e 1 1 1
spin diffusion length = 4+
(A (M) (A])?
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Spin injection and detection

0 T Tdo B0 0 a0 do e Jedema et al. Nature 410, 345 (2001).



Spin precession

Zeeman Hamiltonian

From Heisenberg equation:

Solution

eh

I = —QB0§Z — QMBBO§z [§ja §k] — Z§l/2

2m0
[%,§x] — iguBBO.§y, [%, §y] — —?:g[,LBBo§3;, [320, §z] =0

O(sz) _  gus
5t R Dol

(sy)  guB (s.)
ot TBO(S‘”>’ gt~V

($4) = Acoswot, (s,) = Asinwpt, (s,) =C

2 2 _ .2 €9
A4+ C* = s~ wo—%Bo A7
Larmor frequency C

v



Spin precession experiment

NM NM

MgO / \>§
>
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SC

Gate
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Spin-orbit interaction (in electron motion)

Pauli approximation of Dirac equation:

| P|? 2 1 ) 1 1 eo - B
2L : RV (—
3 \\E, "E, rA E, E,+A) &

1 1
| = — - (k - Spin-orbit i '
+ {Eg (B —|—A)2] eag - (kxE&)| :spin orbltlnt.eractlon
E : electric field

2 1 eV - & ,

Finite £: requires inversion asymmetry.

BIA: Bulk inversion asymmetry

SIA: Structure inversion asymmetry



SIA-SOI Rashba-type SOI

BIASOl 350 = W2 [ka (k3 — (K2)0u + ky (K2) — k2)0,] = Blk,0, — keos) + Y2 (koklo, — k2o,

E =1(0,0,&) ona2DEG (z-y) (Actually through the valence band)

Jthso = ao - (k x e,) = a(k,0, — kyoy)

h2 k2 h?
2m* 2m*

2
m*o m*
;2
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B(T)
Nitta et al., Phys. Rev. Lett. 78, 1335 (1997).



Spin Hall effect

Jij — Os Zez’jkEk
k
%SO = OO - (k X ez)

Effective magnetic field

ky A ky A

\
\
\
\
k
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How we understand the quantum Hall effect?

Edge mode transport Topological discussion
T Magnetic Bloch function
Landau quantization Magnetic Brillouin zone
Edge mode transport Kubo formula
Landauer formula —— l
TKNN formula
\ Topological invariant

[ Hall conductance guantization J

Bulk-edge correspondence

18



Spin Hall effect in an insulator

Remember k-p approximation S Uunk (1) = Epptink (1) ink)
. 0 ./ O(nk) d(nk)
A,(k)=1 <nk ok nk> , B,(k)= z< % ‘ X ‘ oh >

Consider the case these are not zero. Then the discussion is in parallel with the TKNN formula.
(k|r|k'Y = (iVy + A)6(k — k')
(k|[Z,9]|K") = (iVk x A),d(k — k') =iB,5(k — k')

di| \ [0E 5(k — k)
<kdtk>_[8km (FxB)a| ———

dk. | \ . 0(k—K)
) - 0




Anomalous velocity and quantum spin Hall effect

Wave packet: [ = Z ax|k) Bloch wave expansion
k

F = —e&
dro dr (f|k)
o= (1511 - S (Vb B) (k1)

1

~ = (VeE = F x B)|;
dky, F .
E — % Anomalous velocity

5 TKNN
—€ —€
Oy = _—26(0.1?, — Uiy) = —@ -1 = A5

Spin-subband
Chern number Spin Chern number



Topological insulator: helical edge state

E Jx = OW)ox By, Jf = —OW)oyE: x=1,]
dpX d pX
M ,0 I V CAaX L . E
Er /\ Charge dt J dt (V)0 X B
conservation: dpX X e
— — —F, =0
) T (y)v*—
A > k —_— T— \l'—5 6—I/T—V\LE:O
y (0= p7) = 0(y) > ( ) Eo
Ordinary insulator ds, —e
) —— = L—uv,E, —— Extraspin flow at the edge
k) > dt 2T
) | Helical edge mode:
Topological insulator E]? = +v(0k, — eEyt) 14, b —

djtz _ %(51\7T _§N)) = L%Ex Edge mode number = Chern number




Topologically insulating quantum well

Konig et al., Science 318, 766 (2007).
' | T : | :
HgTe \chi/ 7L W _______
Ir 11 10 d=5.5nm . 0.01e%/h =

r o 6 30mK
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Gate voltage (V)



Charge (kinetic) freedom Spin degree of freedom
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Iz Spin injection
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