2022.4.6 Lecture 1
L_ecture on 10:25 — 11:55

Magnetic Properties of Materials

B41% (Magnetism)
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Syllabus

1. Phenomenology of magnetism. Magnetization process
2. Spin magnetic moments in solids
3. Mutual Interaction between spins

4. OQOrdered states of spins. Phase transitions

5. Magnetism in insulators

6. Magnetism of itinerant electrons

/. Some advanced topics (?)




How the lecture will go on?

» The lecture notes (in Japanese, English) will be uploaded in the site
https://Kats.issp.u-tokyo.ac.|p/kats/magnetism/
by the end of the lecture week.

> Attendance will be taken. That contributes to the achievement.

» Small amount of problems for your exercise at home will be given in the
last of the lecture in every two weeks. Submission deadline of the
solutions is two weeks later. In order to submit your answer, you need to
register yourself from the web page that will be prepared by the next week.

» In the very last of the lecture in July, the problems for your report will be
given. The deadline for the submission of the report will be notified then.



https://kats.issp.u-tokyo.ac.jp/kats/magnetism/

Contents Wed. 61 April 2022

Chapter 1 Basic Notions of Magnetism

1. Electromagnetic fields in the vacuum, and
those with materials

2. Experimental methods to measure
magnetization

3. Magnetism iIn classical pictures
4. Spins of electrons and their magnetic moment



Electromagnetic fields in the vacuum

V-E=—, Maxwell equations for electromagnetic
< - fields in the vacuum

VXE= ot Electromagnetic induction

V-B =0, No magnetic monopole

, OF
V X B = g (J + €0 W) - Electric current can create magnetic field

E: Electric field, B: Magnetic flux density (Magnetic field)

Problem of “Unit”

No 4m factor appears in the above Maxwell equations: rationalized system of units

E-B formulation, E-H formulation : Difference in the unit of magnetization!



2019 Redefinition of the SI base units

olid Si Redefined in 2019

AV Cs Av Cs




Magnetic dipole: a source of magnetic field

Two ways to introduce magnetic dipole: 1. Introduction of magnetic charge

2. Magnetic dipole as the shrink limit of circular
current

Introduction of magnetic charge

There Is no magnetic monopole but still we can consider pairs of
fictitious magnetic charge with the total charge of zero.

1 dm dm - -
AP = - Magneti tential
ulr) = 0 (|'r—l/2| |'r+l/2|) eatiele
1 w-r : i
B-_ v( ) Dipole field
AT 1o 3 P
B, = #l 2c0s0  p _ |p] sind Expression in polar
Atpg 13 Amtpg 13

coordinate



Magnetic dipole: a source of magnetic field (2)

Magnetic dipole as the shrink limit of circular current

Vector potential

o Hod 1 .
A ~ T (R - s)ds

Magnetic moment (see the next)
u=J (% jgs X ds)

o - T
— -V
47 3

4 Magnetic field: B =

A circular current can serve as a magnetic dipole.



Magnetic moment

I qnH Couple of force moment: L = —¢,,[Hsinf = —q—mlB sin 6
— 140
Magnetic moment 4, = qm! E-B formation
0
231

(a) Stable (b) Unstable

Dipole-dipole interaction: the dipoles feel each other’s fields.

1 3

potentia: U=+ 7)) |




A naive dipole model of magnetization of materials

“m dm|79m Y9m| 7 9m Ydm|79m Ym
“dm 9m|79m Y9m|79m Y9m| " 9m Ym
“m dm|{79m Y9m|"9m Ydm|79m Ym
“m dm|79m Y9m| " 9m Ym|79m Ym

Set of small magnets Magnetic charges appear at the ends of the material
Density of magnets: N

Magnetization: M = »  p = Ngwnl/uo = pl/ o

unitvol.

Surface density of magnetic charge o = g,,5 = g NI = po| M|

10



Expression with “equivalent current” in materials

Magnetic moments — vector potential A = sl / dv’ = —— / dv’ (M " % V—)
mart mat
A(x,yaz)T

. . V' x M’
Partial integration: A = = / dv’
47 mat r

i o
Equivalentcurrent: Jpy =V XXM —— A= 4ﬂ/d’3 TJM

VXB=py(j+in)=toJ+poVxM
Introduction of magnetic field: H = B/ug — M

oD

Maxwell equation with electric flux V x H =5 + — -
11

density



M A

paramagnetic
material

(a)

Linear: Paramagnetic materials,

diamagnetic
material

diamagnetic materials

Ma M-H relation

M.

(b)

H.: Coercive force,
M,: Remanent magnetization,
M, Saturation magnetization

Strongly non-linear with hysteresis:
Ferromagnetic materials,
superconductors, ...

12



Measurement of magnetization (1)

Vibrating sample magnetometer (VSM)

V|bration

sample

detection
coil

poe

magnet

Alternating-gradient magnetometer (AGM)

+«— P1€ez0 detector

sample

\ Coil for AC field
pole

" i

magnet

13



Measurement of magnetization (2)

Critical Current J, (arb.)

Superconducting quantum interference device (SQUID) magnetometer

Magnetic flux (®,)

= h/2e ~2.07 x 107> Wb

+

N
\J

Superconducting loop

SQUID

£

A
L

14



Effect of demagnetizing field

In the case of infinite plate

_
B 1+
— M +
— —_— +
_ o + M
_ <—d + / H,ds = Hy = —
— + surface Ho

Magnetization causes creation of L o

magnetic charges on the surface, § o SN =1

which produces demagnetizing | |

field inside. Example: Permalloy (Py)

Hy= N2
T Coercive force: 0.025 Oe

N : demagnetizing factor Saturation magnetization field: 3860 Oe

(depends only on shape)

15






Paramagnetic moment

Model: set of molecules with independent magnetic moment u in the magnetic field with

flux density B along z-axis

Moment magnetic U=—u-B=—uBcosf

energy:
Aver_age_on classical (x:) = feXp( kBT> uzdﬂ/fexp( kBT) ds
distribution: B cos 0 .
:f COs 940) fexp 1B cos 10
exp T L COS T
- 9, uB cos 0 - nB kT
High kBTa—B log [27(/0 exp( T )sm Bdé’] = [coth (kBT) MB]
temperature
approximation: 4B < kT’
2
: ; 1
Curie law: =) 471

17



Classical paramagnetism

%
fE dl = ——/B do Maxwell equation
I
rdB
27T7°E —at(Bﬂ'T) E —5%
dL r? dB
R —eE) = e— ——
- rx (—ek) = 62 o

Magnetic flux 0 — B

,',,2

Angular momentum 0 — L = e?B

L 2
,u:SJ—’m“Qﬂ—m“ - _ “.B
27T mr mr 2m 2
e* 2 2
p= e (2 4 4, B

4m 18



Breakdown of classical magnetism

Hamiltonian

Symmetric gauge:

Dipole moment:

N
N-electron system 74 — Z [L (p, +eA(rn)) —ep(rn)| + Viry,ro, -

H = i(p—l—eA)2 — e

2m
A=(Bxr)/2
H—p—2+i( « p) B+i(B>< )2
- 2m 2mr p 8m "
OH e e?
Mm——a—B——%("’XP)—R(TX(BXT))

paramagnetic diamagnetic

2m

n=1

19



Breakdown of classical magnetism (2)

Cancellation of paramagnetic
and diamagnetic term

()

1 OF 1 OlnZ

N OB NkgT OB

Bohr- van Leeuwen theorem

— <l"’para> + <“’dia>

=0

20



Electron spin from Dirac equation

|
r.‘d




Dirac equation and electron spin magnetic moment

Energy-momentum relation in p_ P
Newtonian mechanics 2m
Quantum mechanical replacement E — i 0 ., p— —z’hﬁ
to obtain Schroedinger equation: ot Ox
Energy-momentum relation in relativity E? = (pc)? + (mc?)? (1)

However simple replacement is impossible: the — )
wave equation must be the first-order in time — Z apprc + fme (2)

k=1,2,3
How to compromise (2) with (1) ?

ap=1, p*=1,
These conditions require a;, and apa; + aja, =0 (k # 7),
to be 4 X 4 matrices.

apf + Pog =0




Pauli representation

Wave equation

Pauli matrices

Pauli representation

0

ih—" =

ot

= HDTPJ

o) o=

oo = (

O',,;O'j —

0
1

—1hc Z o,

k=x,y,z

—0,;0; = 10},

=

a—mk—l—ﬁmc

Hp = cap + mc25

(o

Dirac hamiltonian

23
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Spin angular momentum

HZ'HD—FV(T‘) o
L=rxp L H|=iaxp a=|ao
Q

L does not commute with Hamiltonian, iIs thus, not a constant of motion.

. . 0 .
4 x 4 Pauli matrices: a;(f) = (%k ak) o, H] = —2ia x p/h
h _ [J,H] =0
Then J=L+ o=L+s )

Spin angular momentum: s = (h/2)o

24



Magnetic moment of electron spin

Dirac eq. with electromagnetic field ma_w = [ca(p + eA) + Bm — ed| Y

0
Operation from left: ih&

We obtain

ot

- (4 - (4
Because 0y = w,& ), QyOly = 20§; ), QA Oy —

ot

(

.0
’LFLE

ot

=0
+6¢>—C Z Otj (_Zha—’]"j

J=x,Y,z

8rj

j:a:?y’z

+ eAj) — Bmc?

+ep+c Z Q; (—iﬁi + eAj) + Smec?

'220?54)

2
[(zhé + e(b) —F(p+eA)? —m?c* +iche(a - E) — hc'eo - B} Y =0

9 2
[(zh— + egb) — A (p+eA)? —m?c* +iche(a - E) + ithe(accasz + aya, By + a0, By)

=0

25



Magnetic moment of electron spin (2)

Stationary solution: ¥ (r,t) = exp(—iet/h)p(r)

{(e +ep)’ —A(p+eA)? —m?ct +iche(a- E) — hicteo - Bl ¢ =0

gb — U, E=0
. . )
Low er!ergy € =mc®+ 6 We take first order In =
expansion mc
1 eh
— A+ - Blpo=9
[Zm (p e ) i 2ma ¥ 14
_eh _24 1
Bohr magneton HUB = o 9.274 x 10~ JT
eh 2

%G-BZMBJ-B:£MBS-B

Therefore the magnetic moment is —2ups/h

26



SUMMary 1. introduction of magnetic moment
2. Measurement of magnetization

3. Magnetism In classical interpretation and its
breakdown

4. Introduction of electron spin along Dirac
equation
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Review

Chapterl Basic Notions of Magnetism

Classical pictures of magnetic moments in materials: > Magnetic charges
» Circular currents

Experimental methods to measure magnetization

Paramagnetic and diamagnetic terms in classical magnetization

Breakdown of classical magnetism: cancellation of paramagnetic and diamagnetic terms
(Bohr-van Lewuuen theorem)

Introduction of spin angular momentum by relativistic guantum mechanics



1. Spin-orbit interaction
2. Magnetism in quantum theory

Chapter 2 Magnetism in localized systems

1. Spherical potential
2. Larmor precession
3. Magnetism of Inert gas

4. LS multiplex ground state of open shell 1ons and Hund’s rule



Magnetic moment of electron spin

Dirac eq. with electromagnetic field ihﬁ—w = [ca(p+ eA) 4+ Bm — ed| Y

ot
ihg—l—ecb —cC Z o7 —ihi%—eA- — Bmc?| =0
at . J 8Tj / i
B J=Z,Y,= 1
Operation from left: ihg +ep+c Z o7 —ihi +ed; | + fmc?
P _ ' ot . < o :
We obtain j=z,y,2

=0

9 2
[(zha + egb) — A (p+eA)? —m?c* +iche(a - E) + ithe(accasz + aya, By + a0, By)

. (4 . (4 . (4
Because @0y = w,& ), QyOly = 20§; ), QA Oy — w?(; )

2
[(zh% + eqb) —A(p+eA)? —mic* +iche(a - E) — hc*eo - B} =10



Magnetic moment of electron spin (2)

Stationary solution: (7, t) = exp(—iet/h)p(r)

[(e +ep)’ — A (p+eA)? —m? +iche(a - E) — hc*eo - B} w =20

gb =0, £E=0
. . )
= SNETYY  e=mc?+4 We take first order in - —
expansion me
1 eh
— A+ _—0-B|lp=6
[2m(p—|—6 ) —|—2m0' ]go ©
eh B B
[Bohr magneton  AB = 5~ 9.274 x 10 24 71 ]
h
6—0’-B:MBO'-B:2/,LBS-B
2m

Therefore the magnetic moment is —2uBs 5



Two-component separation approximation

Stationary Dirac equation  [cap + mc®f]o = ep

: : 0 o I 0
Pauli representation — k _ :
P L (O'k 0 ) , B (0 —I) 4 X 4 matrices

When the particle sits still: € = £mc”

ug

A\ particle + corresponds to I, — corresponds to —I in 3

— upper two laws: particle, lower two: anti-particle (?)

N E=Cp
2mc? ‘ Finite momentum p requires correction.
Y A
D (n— 0
,, x tan2f = — g = Pt | Leak to lower laws
mce sin 6

\ 0/

anti-particle



Spin-orbit interaction

Stationary equation  (ca-p + fmc* + V) = €p

Two-component approximation ¢ = (:i‘]:)

o P = c_1(5 — V)pa,
O PpA = 6_1(5 -V + 2mcz)<pB.

] - 2
Simultaneous equations { 0 =€—mc

Eraseof o5 ¢ 20 -p(6 — V +2mc®) 'o - ppa = (6 — V)pa

Low velocity (p < mc) expansion  ¢*(§ — V 4 2mc®) ™ =~ 1 [1 _ o=V 4 .. ]

Normalization condition  {¢|e) = (valva) + (¢B|lEB) =



Spin-orbit interaction (2)

Introduction of magnetic field p—p-+ecA

p? 4+ eho - B B v?
4m?2c? oA ) =0 2

Corrected two-component p2 +eho - B
Pa — 1+ PA

Correction due to leakage (pgp|pB) = <90A

wavefunction 8m2c2

Pauli two-component approximation

Zeeman  Spin-orbit interaction

2 2
3, eh eho -p x E eh
— +V H—0c - B|- — V- FE
2m TV chr 4m?2c? 8m?2c?
4 h2 hB2
p_ v g B e

Sm3c?  4m3c? Smsc?



Quantum Mechanical Treatment of Magnetism

1
H= Y| g (Pt AR + Ulra) + gums, - B| + V(7o

1 |

Nucleus potential ~ g-factor

Symmetric gauge A(r,) = (B x 7,,)/2

2
H = [% + U(T‘n)] -+ V('f’l, ra, ) """ 7’[0
hl, =7, Xp, + UB Z(l” +gs,)-B Hq
_|_ﬁZ{ 2B2—(B r )2} ...... Y
8m " " 2



Magnetic moment

B :rnaapnﬂ: — TnaPnB — PnBTna — ihéaﬁ (Oﬁ, /6 —= X,Y, Z)

Commutation relations 4 [SnasSngl = 150y (o, 8,7 = 2,y, 2 (cyclic))

L lnas Ing) =iy (o, B,7 = 2,9, 2 (cyclic))

OH

Magnetic moment H=—55 = B Z +98n) — —— Z{?‘QB — rn(rn - B)}
n p
Z—MBZ n+ gSn) ~ am : (rn X (B X 7Ty)}
Paramagnetic Diamagnetic

This expression does not have drastic changes other than spin magnetic moment.
However ...

10



Comment: Spins of nucleons

Protons, Neutrons, Muons have spins.

NMR Neutron diffraction uSR

11



Chapter 2

Magnetism of
Localized Electrons

He emission spectrum

400 500 600 700
Wavelength (nm)

Star birth 12



Second guantization

Im) = |n1,n9,---)  Number representation
(index the state with number of particles occupying basis states)

|0)  Vacuum

a;|0) = [1;)  Creation operator of j-th state
(Hermitian conjugate: annihilation operator)

Fermion:

Tt 1
a}.’a'. — a,’az _O’ a’a _6
anti-commutation relation i 3]+ @i, a4 a;,a;] ij

J

number operator 71 = a;r-aj nj |n) =n;n)

Boson: commutation relation  [b;,b;] = [b],b]] =0, [b;,bl] = &

| J> W .



Operators in second quantization representation

Multiparticle operator  F(r1,72,-++) = > _ f(r:)

Slater determinant |4/ 5 ...)

<wm1,m2,---|]: |wn1;n2;"‘> — Z <¢m1,m2,---| f(r?») |¢n1,n2,--->

Second quantization

Particle statistics

Annihilation and creation
operator (anti-)commutation
relations

F = Z (m|f|n) al an

ml i) = [ dros,(m) ()
<¢m1,m2,---|}—Wm,ng,--') — <m|F|n>

1

G = 5 Z (kl|g|mn) a};a;ranam

klmn
14



Electrons in a central force potential
Hy, = Hro + He + Hsor + Her
Localized system ‘ spin-orbit interaction

crystal field

mutual Coulomb interaction

single-electron (non-interaction)

M + ‘/Sp(frj)

Electrons in a central force (spherical) potential

HLOZZ

J

Eigenfunction in polar coordinate: (7,8, ¢) Vnim (1) = Rt (1) Yim (6, )

| _ 2
Radial wavefunction R,,;(r) = b,,;p'e */ 2L25 (p), = gaio
R me?
Eigen ener nl=—""—%5, He=
ge gy €ni 2 8egh3c

_ § : ]
%LO — €nl A 1monlmo
nl mo 15



Larmor precession

Coulomb potential Vsp(7j) = —

wy ) Total orbital angular momentum AL =h) I,

Hi=upusl-B =puglL.B

L Directional quantization ,=M:—-L, —L+1,---,L—1, L

usB  eB
L 2m

Heisenberg equation @ L

dt zh[
Larmor precession L.(t) = Locos(wrt + 0g), L, (t) = Losin(wrt + o)

E=Ey+ ugMB = Ey + hwi, M, [UJL = (Larmor frequency)}

L. Hy+ H; -|-H2]

eBNeB

In the case of spin: g-factor WL =95 — =~ —

2m  m "



Magnetism of inert gases

Star birth Magnetic trap

L = Zl _ZZ m|l|m nlamgamoa

o mm'

Total angular

momentum S = Z = Z Z ( ) maama )
J

m oo’

J=Y j;=L+8

J

Evaporation cooling

17



Magnetism of inert gases

Inert gases: Closed shell structure

L=5=0

due to quantization!

€
Residual is the dielectric term: fig;, = ——— » [rn x (B x 13,)]

4m
T
(& B
=5 r, X (wr X 7r,)] = —% 70 X (muy,)]
o Larmor rotation angular momentum
Z | Element | Susceptibility 5 2
T pa=— (@) B=——— () B
10 Ne —7.2x 107
B —6 N Ze2 (r? -
18 Ar 19.4 <10 _ _NaZef () susceptibility
36| Kr | —28x 10 6m
54 | Xe | —43x 1076 (r*) oo

a
B 18



PERIODIC TABLE OF ELEMENTS

1
H
Hydrogen
3 4
Li Be
Lithium Beryllium
1 12

H Symbol

Hydrogen
Nonmetal

Atomic Number

Name
Chemical Group Block

Pub(Clhem

5 6 7 8
B C N O
B Carb: Nitrogen Oxygen
13 14 16 16

nnnnnnn

oooooooo

nnnnnnnn

87 88 104 105 106 107 108 109 110 111 12 113 14 115 116 117 118
Fr Ra - Rf Db Sg Bh Hs Mt Ds Rg Ch Nh FI Mc Lv Ts Og
Francium Radium Rutherfordium Dubnium Seaborgium Bohrium Hassium i il D i Copernicium Nihonium F:::‘I:I\:‘I:'I‘ ::::::: r:| ::‘c:l::r::l’r::m ,.,,:::,::,:,:l::l,_, Te::::::ne O::::::m
57 58 59 60 61 62 63 65 66 67 68 69 70 71
fLa Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
Lanthanum Cerium P i Terbium Dysprosium Holmium Erbium Thulium Ytterbium Lutetium
88 e o1 o2 93 94 9 9 o 8 99 100 101 102 103
Ac Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No Lr

Actinium Thorium Protacti inium Uranium Neptunium  Plutonium  Americius Curium Berkelium Californium Einsteinium Fermium i



Electronic states in magnetic ions
Open shell electronic states

Angular momentum | orbit m = -0, -l +1,--- 1

State of many electrons: indexed with L and S : state (L, S) degenerated in the absence
of coulomb term

(L, S) term degenerated (2L+1)(2S+1) : LS multiplex

Which state iIs the ground state?

Ho=g 3 (mums

mq,-::,MMyg 0102
<m1m2

62

] ]
m3m4> a’mlal amQO'Q am30'3 a’m40'4

degr

2

e 2

€

m3m4> — /drldrgufnl(rl)u;&JTz)

Umg (TQ)umél (’1’1 )

Areqr 4meg|r1 — T2

20



Dominating terms

mi1 — Mo = Mg — M4

<m1m1

mi = Mg # My = M3

62

po—— m1m1> aLlTaL1¢aml¢am1¢ = Uy Z At (e = @l Gmeo)
m

Coulomb repulsion in the same orbit

% Z U(mla mQ)ﬁmlﬁm2 (ﬁm — anor)

mi7#mse

Coulomb repulsion between different orbits

1
5 Z Z J(m17 mZ)a;r?ucrl a’in202 Amiosmao,

mi1%£mo 0102

myp = ms 7é mao = My
Exchange term

1 | R
= —5 Z J(ml, mQ) (§nm1nm2 -+ 28m1 ) SmQ)
m17#mo

21



Exchange integral

Spin operator s, = » (%) al o Amos
0102

0102

Exchange integral J(my,mo)

62

J(m1,m2) = fdmdrzu;';“(m)

ro)u. (r
1Mn24weohﬁ_—-r2{uwh( )i, (T2)

2
— /drldr2u:’u (71) U, [/ dqe—elq.(rlrﬂ] Uy (T‘z)u:w(?“z)

6092
faa, |
p— q—
6092

> ()

/ Ay, (71 )ty (71)€09

22



Hund’s rule

The ground LS multiplex is
determined by the following

1. It should have maximum S.
2. Under the condition 1., it should

have maximum L.

3d transition metal 1ons

Element Configuration lon Configuration L S
Sc 3dl4s?
Ti 3d?4s? Tidt, V4t 3dt 2 12
\% 3d34s? V3T 3d? 3 1
Cr 3d°4s! Cr3t, V2T 3d? 3 3/2
Mn 3d° 45> Mn3+, Cr2* 3d* 2 2
Fe 3d%4s? Fe3™, Mn?™ 3d> 0 5/2
Co 3d"45> Co? T, Fe?t 3d° 2 2
Ni 3d®45* Co?™ 3d" 3 3/2
Cu 3d1945st Ni?* 3d°® 3 1
Zn 3d10452 Cu?™ 3d° 2 12

23



Summary

1. Spin-orbit interaction
2. Magnetism In quantum theory

Chapter 2 Magnetism In localized systems

1. Spherical potential
2. Larmor precession
3. Magnetism of Inert gas

4. LS multiplex ground state of open shell 1ons and Hund’s rule






Review

1. Spin-orbit interaction
2. Magnetism in quantum theory

Chapter 2 Magnetism in localized systems

1. Spherical potential
2. Larmor precession
3. Magnetism of Inert gas

4. LS multiplex ground state of open shell 1ons and Hund’s rule



Electronic states in magnetic ions
LS coupling approach

j-j coupling approach
Paramagnetism by magnetic ions in insulators

Curie law

Breakdown of LS coupling approach in 3d transition metals

Ligand field approach

Octahedron potential



Electronic states in magnetic ions (continued)

Periodic table of elements

1 2

H PubChem  He
il 1 Atomic Number 20
3 4 H S b I 5 6 7/ 8 9 10

Li Be ymboo B C N O F Ne
el S Hydrogen Name — S e b oy e
1 12 Nonmetal Chemical Group Block 13 14 15 16 17 18
Na Mg Al Si P S Cl Ar
e ||l e Weins | el | i e Sl
19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36
K Ca Sc Ti V Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr
e e B (Bt (Bt |BGseet | Ramieoiond | (BB ISRl (ISl | 8BS ]| || A gl e, il
37 38 39 40 42 43 44 45 46 47 48 49 50 5 52 53 54
Rb Sr Y Zr Nb Mo Tc Ru Rh Pd Ag Cd In Shn Sb Te I Xe
|| e i Gl e - Tl el oo S sz on) LR | ([Bne) i et
55 56 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86

| e it [Qemm, ([l ||[Bem| (Bl o (B B — i o 08 e 0| i [ £ e 2 2 2
87 88 104 105 106 107 108 109 110 m 12 13 14 115 116 17 18 48 4p6 (4f ) 6 5 S 5p6 6 S
Fr Ra Rf Db Sg Bh Hs Mt Ds Rg Cn Nh FI Mc Lv Ts Og

Francium Radium Rutherfordium Dubnium Seaborgium Bohrium Hassium itneri i i i Nihonium Flerovium
otal a i etat Mt

58 59 60 61 62 63 64 65 66 67 68 69 70

Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
i i e e ||t | R || CmEmm | R f bl im0 gRm ) EEE | CEEE|
‘90 o1 92 o3 94 o5 9 o 98 90 100 101 102 103
Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No Lr
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Electronic states in magnetic ions (continued)

57 58 59 61 62 63 66 67 68 69 VAl
Ex) Lanthanoid: La Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
Number of 4f electrons: o 1 3 4 5 6 7 7 9 10 1 12 13 14 15

Number of 4f electrons (3+ion): 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Hi, = Hio + He + Hsor + Her

| >

Lifting of degeneracy to LS multiplex

Hund’s rule to find the ground LS multiplex
LS coupling (Russell-Saunders) J-J coupling
LS multiplex
— —_— electron
Spin-orbit accommodation
interaction ;
] —
— _— Spin-orbit
_ interaction
— Coulomb -
Coulomb interaction @~ ——

interaction



Spin-orbit splitting of multiplex in single-electron problem

Spin-orbit term inthe Pauli  c¢ho-px E  ¢e*h _e’h L
approximation: e~ e WX VY= g aptns =Lt
7Ze? 7Ze? 1
Coulomb potential: V(r) = — —
P (r) Amegr then §(r) 2m2c? (4mweg)r3

The expression tells that the SOI Is more important for larger Z and orbitals closer to the nucleus.
Lanthanoid: (effect of spin-orbit interaction) > (that of crystal field)

Spin-orbit single electron p>

hamiltonian: 7t = Ho + Hso = 9 +V(r)+&(r)l-s

(H, U] #0 [H,s]#0 [, s: not constants of motion

1-s,0.] =ih(=lysy + lusy), [l-8,58.] =ih(=lysy+lys.) = —[l-s, 1]



Total angular momentum
j=l+s —— [H,j]=0 j is a constant of motion

l-s=(1+s) - s—s"=j5-5—8° [#H,s%] =0

A Zeeman-like term

|, s : Precession around j

//J' 2A-s=1+s)°-1"-s*=352-1°-5

Eigenvalueof I - s

" L., . 3
$ G+ =10+ 1) =s(s+D]/2=5 i+ D =10 +1) - 5



Spin-orbit splitting of multiplex in single-electron problem (2)

Energy eigenvalues:
3

/ __7\'-:5/2 GnljZEnl—l_% [](]—l—l)l(l—l—l)z
N3d

|=2 =F"F={""""""" X Ml :/ E(r) Ry (r)*r2dt
0

j can take values: |l +1/2

__Y. J =3/2
spherical spin-orbit




Spin-orbit interaction in the ground state of LS multiplex

Multi-electron hamiltonian: Hgor = » &(ri)li-si — » &li-si — €Y 1+ s

LS-coupling approach

Hund’s rule ——— LS multiplex ground state

— (2L + 1)(2S + 1) degeneracy

H, L] #£0 [H,S]#0

N L, S are not constant of motion.

— | J =L+ S :aconstant of motion

1 1
S; S’ 258 (n <204+1)

H801=5Zli°8¢— (Zl) L S=)\L-S



Spin-orbit interaction in the ground state of LS multiplex

n>2+1
Summationonall m;: )1, =0

Residual part: s; and S are inverted

Hsor =€

§

25

(

2l+1 n
=1 1=21+2
L-S=-)L-S

J=|L—S|IL—S|+1,,L+5

1
L-S=_(J'-L"-8§)=

Ground state

n<2+1

J=|L— 8

2

n>2+1

J =1L

K

LI+ 1) = L(L+1) = S(S + 1)

+ S5

10



Electron configuration of Lanthanoid ions

Electronic Electronic
Elements Configuration Configuration Ground state

(Lanthanoid) atom R ion R3T L S J multiplex g;
La 5d6s> 0 0 0 1S, 0
Ce 415d6s> 4f1 3 1/2 5/2 QFSXQ 6/7
Pr 413652 4f2 5 1 4 SHy 4/5
Nd 414652 4f3 6 3/2 9/2 419/2 8/11
Pm 41652 44 6 2 4 214 1/5
Sm 415652 A5 5 5/2 5/2 Hs /s 2/7
Eu 4£7652 4 3 3 0 Fy 0
Gd 4175d6s> 4f7 0 7/2 7/2 S7/2 2
Th 412652 48 3 3 6 "Fe 3/2
Dy 410652 4£° 5 5/2 15/2 6H15;2 4/3
Ho 4111652 4 £10 6 2 8 °Ig 5/4
Er 4f12652 41t 6 3/2 15/2 4I15X2 6/5
Tm 413652 4f12 5 1 6 SHe 7/6
Yhb 4f14652 413 3 1/2 7/2 QFWQ 8/7
Lu 4 1451652 4f14 0 0 0 1S, 0

Spectroscopic symbol
of multi-electron state

(L,S,J)
!

28+1LJ

25 + 1: number
L: symbol
J- number

11



Eigenfunction and second quantization representation

Eigenfunction for (J, M): |J, M) =

Second quantization representation:

Effective Coulomb potential:

> (L, My; S, M,|J, M) |L, My; S, M)
M; M,

Clebsch-Gordan coefficient

! 7
%SOI — Z )\'nl (mU, m o )Cbllo.amfaf,

Zege W% (r°)
2m?c?(4mep)

(mltlm’),,, - (

Ai(mo,m'c’) =

\W)

Zoff€

Vi(r)

dmegr

3)
2/ oo’

12



Clebsch-Gordan calculator on Wolfram alpha

https://www.wolframalpha.com/input/?i=Clebsch-Gordan+calculator

& WolframAlpha

Clebsch-Gordan calculator

T assim | ffamean B iEr—ifi—-F Hi@ERs

SHEICEST - Ex AN LTSS

» j:

» j2:

» m2:

5

4

» ml: 0
0

» 1
0

»om:

ATl

(5400|5410

BE

| 5
— = 0.389249
33

|

AT D
B,E, LH,
HBEDVILIN

AFvFIEIC
BRLOTWVWEET.
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J-J coupling (short comment)

1 5)
2 3+ |=2 =34+-==-.
Ground state

b 3 :
Jmax = 2 + 5 = 4 :same as LS coupling

|J, M> — ‘47 ‘|_4> — ai5/2 13/2 ‘O>

ajz o Z <37m’ 1/278|5/27.]Z> a’:[ns o \/ 14 a’jz-|—1/2\j, o \/ 14 Jz T

m,s



Paramagnetism by magnetic ions In insulators
Free local moment and Curie law

Due to the g-factor, the magnetization _ . 1y, 7.8
is not parallel with the total Hi = ps(L+gS)- B 1 = 9JHB

momentum, hence the magnetization
is not a constant of motion. 9JJ =L +¢S, J=L+ S

l+g g—1L(L+1)-S5(5+1)
2 2 J(J+1)

Tr|g;upJ. exp(—g;upJ.B/kpT)]
Trlexp(—gjusJ.B/ksT)]

0 —g;usJ.B
= kT —— log [Tr (exp JiHB )]

Average gives effective g-factor: 95 = Lande g-factor

Expectation value of  ,, _ (
magnetization:

_gjuBJz> —

0B kT
e (7+3)
S11L giklB S
Partition function: Ty (exp —9itBJ-B ) _ ngT 2
kT sinh(g;usB/2ksT)

15



Free moment and Curie law

gspusd B
M = JB
giuBJ D g ( kT )
2J + 1 2J +1 1 x
B — th — — coth —
s(x) = 55— coth == = 57 coth o7

Brillouin function
r<<1— By(x)~(J+1)x/3J

B d_M —( )ZJ(J—I—l)
X = iB gJjuB kT

16



Examples of experiments

RELATIVE MAGNETIC MOMENT M,

140
130
120
110
100

(d=]
=]

80
10
60
0

401

30

-0

10

3

-
-——
-
-
-
-
”
-

J=3/2

® T=129 °K
A T=200 °K -
x T=300 °K

w T=42] °K -
— BRILLOUIN g=2

= NN
| 1 ] gl /51 | ]

8

2 16 20 24 28 32 32
e 107 Gauss DeG™

10171777 / RERER
u m

[ Gd 112 —

6,00 S
2500 SN -
= 52
= 400 -
300 *ﬁg I
o130k

a 200K

200 x 300 K ——
VK .

BRILLOUIN

100 -
NERE RN N

0 0 20 30 3

Hrr x 107 6AUSS / ES

FeNH4 (804)2' 12H20
Iron Ammonium Alum

W. E. Henry, PR8S,
556, 1952
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LS coupling approach for Lanthanoid (rare earth)

Configuration ~ ion  p (exp.) g¢s[J(J +1)]/2  2[S(S + 1)]'/2
Aft 2F5 Celt 2.5 2.54 2.56
4f2  3H,  Pr3t 3.6 3.58 3.62
43 lo/s  Nd*t 3.8 3.62 3.68
Af5  SHzp  Sm3t 1.5 0.84 1.53
46 "Fo Eu?t 3.6 0.00 3.40
AT %875 Gd’T 7.9 7.94 7.94
478 "Iy Th3+ 9.7 9.72 9.7
4f? SHysp Dy°" 10.5 10.65 10.6
410 S Ho?* 10.5 10.61 10.6
Aft%Y e ErtT 9.4 9.58 9.6
4112 SHg  Tm?* 7.2 7.56 7.6
A 2Fr  YDUT 4.5 4.54 4.5

 Gm—
 G—

18



3d transition metals

Configuration  ion  p (exp.) ¢s[J(J +1)]/2 2[S(S + 1)]1/?

3dt 2Dgjy VA 1.8 1.55 1.73 The discrepancy tells

3 GFy VT 2.8 1.63 2.83 that we need to take the

33 4F3, VA 3.8 0.77 3.87 effect of crystal field
Cr3t 3.7 0.77 3.87 Into account before
Mn*t 4.0 0.77 3.87 going into the spin-

3,74 5Dy 2+ 18 0 1.90 orbit interaction.
Mn?+t 5.0 0 4.90

3d>  6S5,5  Mn2T 5.9 5.92 5.92
Fe3 T 5.9 5.92 5.92

3d® 5D, Fe2+ 5.4 6.7 4.90

3dT  AFyy Co*T 4.8 6.63 3.87

3d8 3Fy Ni2+ 3.2 5.59 2.83

3d°  %Ds,,  Cu?t 1.9 3.55 1.73

19



Magnetic 1ons in insulating crystals: ligands configuration

jon

O

(c) Octahedron coordination

(d) Tetrahedral coordination "



Effect of ligand field

Color centers in insulators

_ Emerald green in Al,04
Ruby red in Al,O4

[“3+

CF3+

~ Sapphire blue in Al,0;

FeZ+

Hemoglobin: Fe

21



Octahedron ligand field

Z S 702 | ligand ©)
|r — R | %. V12 4+ R? — 2Rr cos w; Unit: CGS ion
R: = (R, 6:, ) (£R,0,0), (0, £R,0), (0,0, £R)
(7/2,0), (7/2,7/2), (0,0), (7/2,7), (7/2,37/2), (7,0) o
7 e?

%<< 1 Expansion: Z . Z( ) Py (cosw;)

Legendre function: P,(x) = L d" (2% —1)]

J LA T o g
4 i
Pk(COS w,,;) = Z Ykm(Qa @)Yk*m(g?/a (70%)

2k +1

22



Octahedron ligand field (potential)

: 47 dm
Define 7, = \/% — R’f“ ZYkm i)y Chm = \/% 7 Yem (6, 0)

then we write ’Uc(‘r‘) — >: >: Tkakam(Qa 90)

k=0 m=—k
" T.,, =0 form:odd

_ Tko_\/2k2—|—1]§fjl [@ko( )+4@k0(2)+®k0( )]

8  Ze? T mm
Tin = n () (1+cos57)
-k \/Qk 1 e Okm g ) (T eos

Ykm(é’, (,0) — @km(g)eimcp

T.,, =0 fork:odd

23



Octahedron ligan field potential

Ca0(0, ) + \/%(OM(Q» @)+ Ca_4a(0,¢))

ven(r) =D (

3
x4+y4+z4—gr4

)

24
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Electronic states in magnetic ions (continued)

Periodic table of elements

1 2
H PubChem  He
ey 1 Atomic Number el
= 4 H S b I 5 6 T 4 8 9 10
Li Be ymboo B C N O F Ne
ik | s Hydrogen Name i Se ey ol iy e
1 12 Nonmetal Chemical Group Block 13 14 15 16 17 18
Na Mg Al Si P S ClI Ar
|| i i e | o e || e —
19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36
K Ca Sc Ti V Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr
Pl s Rt B Bl Bt || Famcererd | (FBce | IR || B |58 L | | e ||| el ey o
37 38 39 40 a1 42 43 44 45 46 47 48 49 50 51 52 53 54
Rb Sr Y Zr Nb Mo Tc Ru Rh Pd Ag Cd In Sn Sb Te | Xe
e || (EIRON e et | il | v s || | TREE e s
b5 56 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86
Cs Ba Hf Ta W Re Os Ir Pt Au Hg TI Pb Bi Po At Rn
Cesium Barium Hafnium Tantalum Tungst Rhenium Osmium Iridium Platinum G Id “““““ I:! “:,, xw Thalli m’“m Lead s Bismi thwm P::?:,‘::‘ AN:m:M ':.,dm
87 88 104 105 106 107 108 109 110 m 12 13 14 115 116 17

Fr Ra Rf Db Sg Bh Hs Mt Ds Rg Cn Nh FI Mc Lv Ts

Francium Radium Rutherfordium Dubnium Seaborgium Bohrium Hassium i i i i ici Nihonium i Li i i

66 67 68 69

Dy Ho Er Tm Yb
aoe || i | aRE| EEE
e 9? 100 101 Ez
Cf Es Fm Md No
i | i | oo e




3d transition metals

Configuration  ion  p (exp.) ¢s[J(J +1)]/2 2[S(S + 1)]1/?

3dt 2Dgjy VA 1.8 1.55 1.73 The discrepancy tells

3 GFy VT 2.8 1.63 2.83 that we need to take the

33 4F3, VA 3.8 0.77 3.87 effect of crystal field
Cr3t 3.7 0.77 3.87 Into account before
Mn*t 4.0 0.77 3.87 going into the spin-

3,74 5Dy 2+ 18 0 1.90 orbit interaction.
Mn?+t 5.0 0 4.90

3d>  6S5,5  Mn2T 5.9 5.92 5.92
Fe3 T 5.9 5.92 5.92

3d® 5D, Fe2+ 5.4 6.7 4.90

3dT  AFyy Co*T 4.8 6.63 3.87

3d8 3Fy Ni2+ 3.2 5.59 2.83

3d°  %Ds,,  Cu?t 1.9 3.55 1.73



Octahedral ligand field

ligand O Potential generated by ligands at an octahedron vertices:
on | R r Con (gt ot gt 34 _ 35Ze
ion R<<1 Veh(T) = €D (m +y +z 57“ ) 105

We are considering: Open shell 3d electrons

Single (3)d electron in vy, (1)

O

Diagonalization in the space of 3d wavefunction




Looking for eigenfunction in tetrahedral potential

Linear combination of d-orbitals Radial part - common for 5 orbitals
Angular part — second order in (x, y, z)

(1) 7°(3cos” 0 —1) =2(z +y°) — 2% -

a4 - .
(2) 7* cos B sin fe .C'O = z(z £ iy) - Possible terms: x2,y?,z%,yz, zx, xy
(3)  r2sin?0etY = 22 + 2ixy — o2

—

First order in X, y, z — disappearance of off-diagonal term by integration of odd-function

Yz 2x Ty

Candidates: —,

Easily obtained by adding/subtracting (2), (3)

r2’ r2’ 2

In order for vanishing off-diagonal term of x* + y* + z*, we should take differences
between x?, y?4, z2 :
x? — z?%,y* — z? orthogonalize === 372 — 12 x? — y?

Obtained from (1) (itself), (3) (addition)



Octahedral ligand field (2)

Pe (y2)

bn (2)

¢¢ (zy)

_ )
Cbu — ¢320 — 167

- Pe = %(05321 + ¢32-1) = E%Rgg(r),
Py = _%(%21 — ¢32-1) = %%Rgg(r),
L ¢ = _%(%22 — ¢32-2) = %%Rgz(?“)

322 — r?

T2 R32 (T)J

2 .2
L Dy = —%(%22 + ¢32-2) = 1/ 1§7rx sz Rs3a(r)



Energy level splitting and quenching of orbital magnetic moment

o

2

spherical

octahedral

2e

7 105

(rty = 22 / R ()2 (r2dr)

Orbital angular momentum:
)

€.0. (bc — —E(¢n22 - d)n2—2)

(Pcllzlpe)y =2—-2=0

Neither t,, nor e, orbital does not have
angular momentum

4

Explanation of quenching of orbital
angular moment



High-spin and low-spin states

i i i A i
fy — b )’ |’ UL
\! U\ LR WU
| Ty | Ty | Ty
t“;’ge; tgg t“;’geg tgg t%geg
(Effect of crystal field) > (Coulomb repulsion)
1 Ex) hemoglobin
Low spin state No oxygen: Fe** (t3,e4) high spin

With oxygen: Fe?* (t3,) low spin



Topics In paramagnetism from 3d, 4f ions

Plane through trigonal axis
Angle with trigonal axis

Jahn-Teller distortion

Distortion energy = energy lowering
by symmetry lowering

Plane normal to trigonal axis
Angle with arbitrary line

_Q + (deg.) g (deg.) g
e . i Hit 33 i
50 2:238 60 2-240
70 2-240 : 90 2:244
a0 2:243 .
32 r - o en,; AL s x2-y2
x2-y B Ny 32212 B.Bleaney, Proc.Phys.Soc.London A63,408(1950).
XZ, YZ i yoon- Xy CuSiFz6H,0
Xy -=” b - XZ, yZ
D Oh D4h

compressed octahedral elongated

11



Van Vleck (anomalous) paramagnetism

LS coupling approach
Configuration ion p (exp.) gs[J(J +1 )]1/2 2[S(S + -l)]_l/g

Af* g, NPT 3.8 3.62 3.68
Af>  CHjy g Sm?+ 1.5 0.84 1.53 E——
4f6 "Fo Eu?t 3.6 0.00 3.40 ——
AT 887, GAPT 7.9 7.94 7.94
ol |
Hsor = AL - S
A T
= ST +1) = S(S +1) = L(L + 1) f
56_ ;'f
—_ = /
In the case of Eu3* (J =0) o | e
& \ ! | Experiment
AELS — ELS(J) — ELS(J — 1) = \J 2_!// \\1—’:
y/
Excited state — finite moment la s Pr Na Pm Sm Eu G4 o Dy Fo Er Tm Vo v

12



Very short review of point group theory

Group: Set A with operator *

7

1. Yay, as € A {ay xay € A} (closed for the operation *)
2. Yai. as, az € A{(ay xaz) *a3 = a1 * (az *x ag)} (associative law).
3. dE € A{Va; € A{a1F = Fa; = a1}} (existence of unit element).

4. a7t € A{Va, € A{aja; =a;ta; = E}} (existence of inverse element).

Element a; D(a;) square matrix

) } Representation of group A
a*xb=c projection D(a)D(b) = D(c)

D'(a;) = S™'D(a;)S D'(a;), D(a;) : equivalent representation

13



Symmetry operation of point group

A set of symmetry operations around a point in space is called a point group

E ;. Identical operation

C, : Rotation of 27 /n

s : m rotation around two-fold axis perpendicular to the principal axis.
Written as C) or Us and called Umklappung.

I :  Space inversion (r — —r)

o :  Mirroring

IC,, : Circumference. Space inversion after rotation of 27 /n.

Sh, . Improper rotation. Mirroring after rotation of 27 /n.

In crystals: requirement of (discrete) translational symmetry 32 crystal point groups

14



Crystal point groups

system Schonflies | Hermann-Mauguin symbol examples
symbol full abbreviated
triclinic ' | l
', (S2) 1 1 Al5SiOs5
monoclinic C'ih, (S1) m m KNO;
Cy 2 2
Cap 2Im 2/m
orthorhombic oy 2mm mm
Do, (V) 222 222
Dop, (Vi) | 2/m2/m2/m mmm I, Ga
tetragonal Cy 4 4
Sa 4 4
Can 4/m 4/m CaWO,
Dsy, (V) 42m 42m
Claw 4mm 4dmm
Dy 422 42
Dy, 4/m2/m2/m 4 /mmm TiOs9, In, 5-Sn

rhombohedral C3 3 3 Asls
(3. (Se) 3 3 FeTiOg
('3, 3m 3m
Ds 32 32 Se
D3y 32/m 3m Bi, As, Sb, Al O3
hexagonal C'3n, (S3) 6 6
Cy 6 6
Cen 6/m 6/m
Dsy, 62m 62m
Céw 6mm 6mm ZnO, NiAs
Dg 622 62 CeF;
Degp, 6/m2/m2/m | 6/mmm Mg, Zn, graphite
cubic T 23 23 NaClOs
15 2/m3 m3 FeSs
Ty 43m 43m ZnS
O 432 43 3-Mn
Oy, 4/m32/m m3m NaCl, diamond, Cu
icosahedral Cs 5 5
Cs;, (S10) 10 10
Cs, 5m 5m
Csh. S5 5 5
Ds 52 52
Dsy 52/m 5/m Cso
Dsy, 102/m 102/m Cro
1 532 532
In, Ceo




Reducible/irreducible representations

R: symmetry operator ~ Symmetry operation on functions () — ¢’ (r) = (R~ 'r)

R
@7;0:{9017@27"'} — > ‘Q{é:{@llv@,%”'}

If o/’ =&/ then <« can be arepresentation basis of R
Di;(R) = (¢ilR[p;)
If block diagonali_zation IS possit?le: SD(R)S™! = D>(R)
reducible representation

Direct summation: D(R)=Di(R)® D3(R) @ - - -

If block diagonalization is impossible:
Irreducible representation

[ Tr [D(R)| :character of representation}

16




Symmetry operations in group O

Symmetry operation Rotation axis Number of operation i
E Identical transformation | \/
'y m/2 rotation around 4-fold axis xr, Y, 2 3
(9 = ,‘2 7 rotation around 4-fold axis X, Y, 2 3
C3 3m /2 rotation around 4-fold axis z,Y, 2 3
'y 7 rotation around 2-fold axis (0,1,1), (1,0,1), (1.1,0) 6
(0,1,—1), (=1,0,1), (1,—1,0)
Cs 27 /3 rotation around 3-fold axis  (1,1,1), (I,1,—1), (I,—1,1). (—1.1,1) 4
032. 47 /3 rotation around 3-fold axis ~ (1,1,1), (L,1,—1), (1,—1,1). (—1.1,1) 4

17



Simplification to irreducible representation by character table

O E 8C; 3C,=3C2 6C, 6C,
I—o 1 1 1 1 1
-1 3 0 —1 —1 |
Ii—o 5 —1 1 | —1
l—3 7 1 —1 —1 —1
L=y 9 0 1 1 1
l—5 11 —1 —1 —1 1

Simplification of representation [;_ = FE & 715

18



Symmetry operation and level degeneracy

Symmetry operator R 0 = Ry

Transformationof ,» o2 ¢ O0'Rp=ROp=ROR 'Ry ¢ L RoR™!
operator:

Assume the system is invariant by operator R
RAR ' =20, - [RH#]=0
I = FEop

HR)=RAR 'Rp=REp=FERp Ro¢: eigenfunction of eigenvalue F
Symmetry connected eigenfunctions

{o;} : degenerated function set with eigenvalue E of 7

ZDMV ), must be irreducible
D1 (R) 0 ) not symmetry-connected

otherwise D(R) = D1(R) ® D2(R) = ( 0  Dy(R) accidental degeneracy

19



d-level splitting in various crystal fields

Simplification of representation ;o = E ® 15

YQm(gﬂ 90) /I Zg

5-fold level '\ 2

2 I,
\ A

spherical Don

symmetry axial

tetrahedral

octahedral

. B
1 29

Ay
! B

2g

1 By,
1

Ag

Doy,

20



aa L
5+ ol
Lb\..?ﬁ & A




Magnetic resonance

A Z Hi1 =gsud - Bg

Ty — Jody =idy, Jody— Jods =idy, Judy — JyJs =i,

Wy, )
............... A dJ _ gibB 5 g
dt hoY
J GBO i
WL = G55 Larmor precession

If we observe from rotational coordinate
with frequency wy.

] Precession stops: the effect of magnetic field is
renormalized into the rotation

22



Magnetic resonance (2)

High frequency magnetic field in xy-plane

B(t) = B cos(wt)

B . . Two rotational
= 5 lexpliwt) + exp(—iwt) magnetic fields

when w ~ wr,

On the rotational coordinate: w = 0, 2wy,

Ignore 2w, component: rotational wave approximation

- €B1
Precession around B; w; = 95—
m

Total motion: spiral

23
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» High-spin/ Low-spin state in ligand field potential

» Van Vleck (anomalous) paramagnetism

» Group theoretical approach to level splitting

» EXxperiments on and applications of paramagnetism
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Review of last four lectures

Chapter 1 Basic Notions of Magnetism

_ : _ _ _ » Magnetic charges
Classical pictures of magnetic moments in materials:

> Circular currents

Breakdown of classical magnetism: cancellation of paramagnetic and diamagnetic terms
(Bohr-van Leeuwen theorem)

Quest for the sources of magnetic dipoles in materials.
Spins and spin-orbit interactions

Chapter 2 Magnetism of Localized Electrons

Spherical potential, closed shell magnetization

Electronic states of magnetic ions » LS (J-j) coupling, Hund’s rule
» Ligand field

Representative experimental method: magnetic resonance



» Magnetic resonance (continued)
» Spin Hamiltonian
» Example of analyzing experimental data on electron paramagnetic resonance

» Application of paramagnetism: magnetic refrigeration

Chapter 3 Magnetism of conduction electrons

» Pauli paramagnetism

» Landau diamagnetism



Magnetic resonance (2)

High frequency magnetic field in xy-plane

B(t) = B cos(wt)

B . . Two rotational
= 5 lexpliwt) + exp(—iwt) magnetic fields

when w ~ wr,

On the rotational coordinate: w = 0, 2wy,

Ignore 2w, component: rotational wave approximation

- €B1
Precession around B; w; = 95—
m

Total motion: spiral




Magnetic resonance

Ho‘ Macroscopic magnetization M - dM My — M
B . g =M< H 4 =
Classical equation of motion ] !
. . . deay M'T:’y
M Phenomenological introduction of =M x H|,,
VA : : dt 15
A relaxation time
T;: energy relaxation time, T,: phase relaxation time
H, H ,: static field (z) } H = (2 coswt __1 sinwt, Ho)
H,: rotating field with —w 2
B dM;I; Hl . Mac
p :')/[MyH0+MZ7 sinwt| — T,
Then the equation of motion Is given as - aM, M. E t— M, Hyl — %
- = | 5 COS W 0] T,
dM, H My — M,
D = vy|—-M,H; sinwt — M, écoswt]Jr OTl



Magnetic resonance (2)

We introduce the coordinate system (x,y>,z”) ~ conditions
- - . dMa’;’ dM.yf
rotating around z-axis with freq. o. { T

M, ~ My = xoHp (oblique angle is small)

=0 (stationary state),
{ My = My coswt — M, sin wt,

M, = M, sinwt + M, cos wt Solution
(WO — W)TQHl/Q

"

X" (w)

T T Ma‘;’ — T
I XOROT2 T (g — w)?Ts +~v2(H1/2)?ThT
H, /2

My = xowo1>

~ : 1 —w)2T% 2(Hq1/2)?*T1T:
05 absorption T (wo —w)* T3 + 77 (H /2" T
3 Original o g ,

& coordinate M, = x'(w)H; coswt + x"' (w)H sin wt,

M, = —x'(w)H; sinwt + x" (w) Hy cos wt

large relaxation
T, <1 | X (W) = 20T lwo — )T
R Y B B R 2 1+ (wp — w)2T2

Tr(wo — w) 7 _ X0oWo T 1
W) = S ey e




Electron paramagnetic resonance (EPR) experimental setup

bias reference m.w.
w - arm ¢, diode
source 1\ PSD
Z\U3
attenu- 2
ation ] resonator

/
magnet / current
modu-
- |
modulation — ol
coils )\

Double resonator sample + cavity

Continuous wave (CW) measurement: detection of resonance dissipation

Pulse, Fourier transform measurement: detection of magnetic field due to the precession of
magnetic moment



Spin Hamiltonian

For the comparison of the theory with EPR experiments we need to go a little further in approximation.

Effective spin Hamiltonian:  Only contains spin operators, i.e. the orbital part is already
(in case Hcr is diagonalized) integrated out.

10} Orbital basis: {vo,%1,---,} diagonalizes Horb = Ho + Hor
In ket form:  |p,) = |n),
Energy eigenstates: o (n|Horb 1)y = Epnlpns

{s} Spin basis for total spin'S:  {¢_25,d_2541,- -, Pas}

In ket form:  |¢,,) = |m),

Perturbation Hamiltonian: #H' = AL -S + pup(L + ¢.S) - H ge : g-factor of electron
spin-orbit Zeeman

Expand the wavefunction
with {o} and {s}as: V= Z Anm PnPm = Z A 1), (M)

nm



Spin Hamiltonian (2)

Eigenenergy equation:

Second order perturbation in energy:

Orbital angular moment is quenched:

The second order term
— reduced to second order in L:

The effective spin Hamiltonian:

where A 1s a tensor given by

Expansion:

HY = (Horw, + H' )V = EV.

7)o 0(n[H'|0),

~ o(O|H’
% — O<O|H,|O>o —I_ Z < | EO - E

n#0

S{O[H'|0), = gepnS - H

o(0|L|0), =0

o{0[H'|n), = o(0|L|n), - (AS + ppH)
effective magnetic field for L

~

H = geppS - -H — (A\S + ugH)A(AS + upH)

o (0| L; o {(n|L;|0
Ay =Y (01Li[n)4 o (n|L;]0),

E, — E, (iyj:ajayaz)

n#0

H = pupSge(1 — M)H — N2SAS — p2 HAH



Spin Hamiltonian (3)

~

H = upSge(1 — M)H — XN°SAS 1 H A

The third term 1s small, does not contribute to level splitting — Drop

The first term: extension of Zeeman )
energy with effective g-tensor. g = ge(1 — AA)

S(S +1)
3

The second term is written as —A*SAS = D [Sﬁ — . ”

] + B(S? — S$?)

principal axes: X, y, z

D: axial fine structure parameter

E: rhombic fine structure parameter

- 1
The form frequently used for [83 - S5+ )] L B(S

_ ~ 2 Q2
the analysis of experiments H=ppSgH + D Sy)

L Y




Weak crystal field approximation

6Dq (E) 4Dq (T3)

=
d d6 N d4'd6 / %
— 5n 21 ‘Z’
\ —4Dq (T \  —6Dq (E
6Dq (T
__12Dq (4y) q (T1)
/ d3,ds
/ ' —2Dq (Ty)
2 47 e q (I3
as,d" 20 (), . »
_e’ F’ F \
\ \ i3/2
°F, *F \ —12Dg (4,)
\___=6Dq (T1) \ 1 < $2|D|
octahedral S = +1/2

11



EPR signal from Cr3* and Fe3* ions in BaTiO,

| ' |
3 i
I
P o~
-g ;I .
kS . ~ H lc-axis
= o I o P
— - 7 T 0
S S I o
k= | S ¥
» T
nd
& O ®; ®
hexagonal nal
H// c-axis E _go tet]rsagoo ?
= +
L | L | L
2000 3000 4000 5000
H (Oe) Bairavarasu et al. SPIE Proc. 6698-05

12



EPR signal from Cr3* and Fe3* ions in BaTiO,

Ion Crystal g |ID| (ecm™Y) |E| (em™1)
Fe3t BaTiO5 2.000 0.022 0.0079
another report 2.003 0.0987
Cr3*t  BaTiOs 1.975 0.046 0.0055
h-BaTiO3; HI g.= 1.9797 0.105
Hl g, = 19857
H2 g.= 1.9736 0.3220
H2 gey= 19756
— Til
hexagonal T @ Q.

Bal | y— O1
|
- Ti2
Ba2 ® S — 02

Boettcher et al. JPCM 17, 2763 (2005)

9.123 GHz, 300 K

b [
‘ L]t
cr¥(H1)
cr¥(H2)

*Cra’(ﬂ)

1500 2000 2500 3000 3500 4000 4500 5000
Magnetic Field (G)

~

tetragonal
E = E+#0

Bairavarasu et al. SPIE Proc. 6698-05
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Hyperfine structures

electron-nuclear spin exchange interaction:
Hur = AI - J  the same form as spin-orbit interaction

F=1+J
F2_ 12 _ 2
Hur |F, Mp) = A 5 \F, M)
F(F+1)—-1I(I+1)— 1
_ P+ <2+ ) =TT+ g
(b)
Ims)  Electron c
[+1),
=1 NV center

WMM W\J\MM’L\M Rama et al., PRB 94, 060101 ('16). )

2.83 2.93
Frequency (GHz)

Amplitude (arb. units)




ESR detector/analyzer

EPR public software

EPR-WInSim

Eile Edit Display Manipulations Simulation Help

https://www.niehs.nih.gov/research/
resources/software/tox-pharm/tools/

:H iumg:'nnry:

Easyspin Fie oo S '

https://www.easyspin.org/

Works On MAT LAB (0pen Data.. | Exampero cwEPR v1.0 (easyspin.org)

GUI front: cwEPR etc. - J
Announcement of N -
- ‘uaives
Easyspin for Octave e
o Daatrewian | 125 [ petesiin |
. p— Sim Lrewian [ 11 Save Parameters -

https://octave.discourse.group = Tl BREE e | L lme) e
[t/easyspin-for-octave/1177

Commercial machines

IJEDLD BAEFHISHL

PRODUETS

"R g/ AT FIUT—>3a> EERS

more info

BE

STRONG POINT

JESHIDU —A(F. EHECUNRRSRERRLUERS VERELEERULEF AL L HEEETT.
ETAEEME - EECHE. SFSERTARFICTRR - ME - B - FE0TR- beiTVET.

H 30%7vIORRELERRE 1 *1

SRR OTRAEOANEFH BMOBEEAS ERT 3T ENASINCRD D DB BRI, ESREEIIERS
EREILEROSNTVET. JEOLR. EXEN RiEReRBUEEL0%F v 7TORRELEERLEL

HREVYVUI—>3> FIUT—>3> Y—ERX Za—R&AATE Fruz REE

ESREE

ELEXSYS

ELEXSYS-I ESRNES VU —X(E. SATYATR, MRRE, BF
A>Ea—7« >0l Enicithe & TR a iRt s SMRAT
=2 A= N E.

REF® FTUT-—>a>/-b Y-BRavUi-3a> iR REER



Magnetic refrigeration

A

Many attempts for commercial use

Ca mfrl d g @ .Clean;'Green & Magnetic
ridge is creating a

Using novel metal alloys and magnetic fields
W

isothermal

Temperature T

AWARD WINNER

100 7Evc

N

\E B =0 B = B,
' guBBo

PRINT

Air Conditioning with Magnetic Refrigeration

m»

QrpQ-e

PROJECT

AAAAAA

16



Magnetic refrigeration (2)

Entropy of a free spin system

18 | ' I ' I ' I

1.6 a~1.344B

7=3 forg=2,T=1K
BinT

1.4
1.2

0.8
0.6

Entropy S/kgNa

0.4
0.2

cun1 (%)
T ) 5_g

2J+1 2J +1 1
M:NAguB[ 2+ coth( + a)——cothg}

2 2 2
_ gusB
kgl
5 zgcothg—QJ—'_lacoth 2J+1a
Nakp 2 2 2 2
sinh[(2J + 1)a/2]
+In sinh ar/2 '

Cooling material
Maxwell relation: 95\ _ (oM
B ), \oT ),

17



Active magnetic refrigeration

coolant pump

heat \ C:D

exhaustion < ! heat absorption
< !
\_.. Bt S +f
2 S e S s 2
=l | (B _
:EE 7 L EEE - l’ T
s _,ﬁ : CEEEEL S ' refrigeration cell
' - = 7 Pr
"'_/W-%l 1\ (@
magnet W "~ magnetic / |
| | material magnet
magnet yoke —— motor

i
|
T
rotation axis

18
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Chapter 3 Magnetism of Conduction Electrons

3.1 Pauli paramagnetism
3.2 Landau diamagnetism

3.3 An example of orbital diamagnetism

https://sci-toys.com/scitoys/scitoys/magnets/pyrolytic



Spin paramagnetism in free electrons

= Hamiltonian: kinetic
\ Er / m energy + spin

spin variable:

How to count k in metals?

> Periodic boundary condition
in L-cube

1
T = Z Ekc;rwcka + —guB Z ac;rwckg

2
ko ko
g . (Ta \l/) — (17_1)
2
k = %(nx,ny,nz) (ng,ny,n, : integers)
R k>
B = 2m
Constant E sphere radius: kp = Q?E
(E)= = (Z PR
PREI= T3\ on E4E
&y 1 mkE




Paull paramagnetism

Expectation value of _ gHB > "o (ch,cho) = 9B > [f (Ek - gMBB) — f (Ek + gﬂBB)]

magnetic moment: 2 4= 2 = 2 2
Fermi distribution ) — 1
. fE)= —
function: exp[(F — u)/kgT] + 1

: . : > B B
Chemical potential u is determined from N, = / dEp(E) !f (Ek: _ 9B ) i+ f (Ek: 4 9kB )]
0

2 2
p— Ex
o gus [ gusB gusB
Magnetization:. M = = dEp(E) | f | Ex — > — f| B + >
0
A
L T —0 o (98B
2
E Pauli paramagnetic susceptibility
B gusB oM guB\ 2
B
Er — 9#2]3 Ly + 2 B—B — XPauli = (T) [QIO(EF)]
22




Landau quantization

Hamiltonian free electron + 1 9
Co H = — § .+ eA
magnetic field 2m 4 (p )

(/

B =rotA
Landau gauge: A = (0, Bz,0) o
= (0,0, B)
Schrodinger 2| 92 92 o eB \°
: — — 5= — FE
equation: om |22 T 92 T <8y ' 37) (8 (%

Homogeneous for y and z
- Functional form assumption: % = expli(kyy + k.z)|u(x)

2 2 2 27,2
Differential equation for x — h {d ° + (k — ﬁaﬁ) ul = (E — Zkz) U
m

2m | dx? Y h
. . hk 2 B)? B
Harmonic oscillator at z. = —2 The (eB) S We = i . Cyclotron frequency
eB 2 2m m
o h2 k2 1 h2k?
Landau quantization FE(n,k,) = o T\t g ) =5 =+ (2n+usB (n=0,1,2,---)

23



Landau quantization: forms of wavefunctions

-1 0 i
(a)

Diagonalize X Diagonalize X% + Y? « Symmetric gauge
A=Bxr/2



Orbital diamagnetism

How to count density of states?

Periodic boundary condition in a cube with side length L

o 2 h?k? 20/2mE,
z-direction k, = %nz (n,=0,%£1,---) E, = = Number of k, below E m

2m z h

: . 2
y-direction  k, = %ny (ny =0,%1,---)
< diraction L< <L L hk h 2w <L _ |n‘<eBL2

g = te =7 2_63 eBL W=7 VYN Anh
2
Landau level degeneracy (in xy-plane) is
the number of states 3 Nmax
L . E — HBB
below the total energy: Q(F) = —+/8meB Z VE—(2n+1)pugB  Mmax = int ( > )

ds?2

= {1+ exp[—(E — 1) /knT]}dE

Free energy: [ — Ny — szT/

25



Orbital diamagnetism (2)

Partial integration

df} _ 1 exp|— (£ — p)/ksT]
/ g M expl(E = ) /heT]AE = = f HE) (‘kBT) T+ expl— (B — 1) /kT]

1 d :
=7 [/Q(E)dE] dE 1+ exp|(E — M)/kBT]dE

d 1

dE

1 2\/8m eBL3 iy
= (2n + 1) B]3/? dE
kT / Z no D B e o l(B = 1) Jhn T
A — ]‘6L3 m3/2(ﬂ B)5/2
F=N A/qﬁ ! dE s o
of )3E T+ oxpl(E — 1) kT HE) "”’i E L1 3/2
T~ 2B\ 2
=
T—0  F=N.Er— Ap(Ep) g = o

26



Orbital diamagnetism (3)

Nmax E 1 3/2
To calculate ¢(E) = ) [2” B (n+ 5)]
B

n=0

Mmax 1 3/2 9 1
We use an asymptotic expansion x> 1 ) [a: - (n + —)] ~ g;1;5/2 LY.

—~ 2 16
which can be obtained by applying Euler-Maclaurin formulato F(y) = (z — y)>/?
S notl 1 2 1
S Fm+1/2)x [ dyF) - gl (e +1) - F (O] = 2a%2 - St
n=0 0 24 5 16
L3
The free energy: F = const. — ?P(EF)(MBB)Q 4.
. _ 2 )
Landau orbital diamagnetism:  XLandau = —3 p(Er)pg
Total susceptibility of free _ 4

X = XPauli T XLandau = _P(EF)IJJ%
electrons: 3

27



Summary

» Magnetic resonance (continued)
» Spin Hamiltonian
» Example of analyzing experimental data on electron paramagnetic resonance

» Application of paramagnetism: magnetic refrigeration

Chapter 3 Magnetism of conduction electrons

» Pauli paramagnetism

» Landau diamagnetism






Review

» Magnetic resonance (continued)
» Spin Hamiltonian
» Example of analyzing experimental data on electron paramagnetic resonance

» Application of paramagnetism: magnetic refrigeration

Chapter 3 Magnetism of conduction electrons

» Pauli paramagnetism

» Landau quantization (— diamagnetism)



1. Landau diamagnetism
2. de Haas-van Alphen effect
3. Orbital diamagnetism of graphene, graphite

Chapter 4 Interaction between spins

1. Exchange interaction from Heitler-London approximation



Landau guantization

iltoni 1
Hamiltonian free electron + o (p; + eA)2

magnetic field 2m <
Landau gauge: A = (0, Bz, 0) B =rotA = (0,0, B)
Schrodinger h? | 0° 0> 9, eB
equation: 2y, [83;2 5.2 T (8_y - @733) v = E

Homogeneous for y and z
— Functional form assumption: ¥ = expli(kyy + k. 2)]u(x)

2 2 2
Differential equation for x — h {d ° + (k — Qm) U

21.2
:(E—hkz)u
2m

2m | dx? J h
. . hk mw?  (eB)? eB
Harmoni illator = —2 € = . w. = — :Cyclotron frequenc
armonic oscillator at = = ; > We = — y g y

Land ntization E( k)_h2k§+ —|—1 hw—h2k2—|—(2 + 1)ugB (n=0,1,2 )
z) — P c|— 5 n=uv,l,4,---
andau quantizatio n, 5 n 5 n UB 4




Orbital diamagnetism

How to count density of states?

Periodic boundary condition in a cube with side length L

o 2 h?k? 20/2mE,
z-direction k, = %nz (n,=0,%£1,---) E, = = Number of k, below E m

2m z h

: . 2
y-direction  k, = %ny (ny =0,%1,---)
< diraction L< <L L hk h 2w <L _ |n‘<eBL2

g = te =7 2_63 eBL W=7 VYN Anh
2
Landau level degeneracy (in xy-plane) is
the number of states 3 Nmax
L . E — HBB
below the total energy: Q(F) = —+/8meB Z VE—(2n+1)pugB  Mmax = int ( > )

ds?2

= {1+ exp[—(E — 1) /knT]}dE

Free energy: [ — Ny — szT/



Orbital diamagnetism (2)

Partial integration

1 ) exp[—(E — p)/ksT]
kgT') 1+ exp[—(E — p)/kgT]

1 d 1
= T [/Q(E)dE] dE 1+ exp[(E — 1) /kpT) B

dE

fj—gln{lJreXP[ (E—u)/kBT]}dE:_fQ(E) (_

1 2\/8m eBL3 ey d 1
_ (2 BJ3/? dE
kT / Z no Ve B e o l(B = 1) Jhn T
A — ]‘6L3 m3/2(ﬂ B)5/2
I A/qﬁ 1 . 3m2h3 o ’
el — dE 1 +exp|(E —p)/kpT] H(E) = ni:ax E - 1 3/2
=0 2[,LBB 2

h
B—0  F=N,Ep— A¢(Er) ——



Orbital diamagnetism (3)

Nmax E 1 3/2
To calculate ¢(E) = ) [2” B (n+ 5)]
B

n=0

Mmax 1 3/2 9 1
We use an asymptotic expansion x> 1 ) [a: - (n + —)] ~ g;1;5/2 LY.

—~ 2 16
which can be obtained by applying Euler-Maclaurin formulato F(y) = (z — y)>/?
S notl 1 2 1
S Fm+1/2)x [ dyF) - gl (e +1) - F (O] = 2a%2 - St
n=0 0 24 5 16
L3
The free energy: F = const. — ?P(EF)(MBB)Q 4.
. _ 2 )
Landau orbital diamagnetism:  XLandau = —3 p(Er)pg
Total susceptibility of free _ 4

X = XPauli T XLandau = _P(EF)IJJ%
electrons: 3



de Haas-van Alphen effect: orbital magnetization at high magnetic fiel

Free energy expression

F 0 n=0

ne = No/L°
Rapid change in the free energy at (n + 1/2)hw. ~ Er

Density of states

Motion in z-direction: Density of states in one-dimensional system

h2k? 1L (B2 1 [m
E — E = — —=
0 1T 2 3 4 5 " om pra(E) L 2w ( m ) 2rh \ 2F

1 1
Then the density of states is givenby p(E) = \/ T; (E— (n+1/2)hw
T —(n + C

L k 21.2
Magnetization formula for € (—1)P i , . | pm hek:
a spherical Fermi surface M= 473 Z D ke dk- - Bp sin huw, Er = 2m

21.2
Fi = Eyp — 5 iz varies slowly compared with the rapidly oscillating sine term other than at around k, = 0
m 8

p




de Haas-van Alphen effect in T1,Ba,CuQg,

Temperature (K)

200

nderdoped

Strange Metal

Optimally
doped\
\

Overdoped

L
0.1 0.2
Doped holes (p)

Rourke et al., New J. Phys.
12, 105009 (2010).



Experimental data on Tl,Ba,CuQg, s

i = F =18.10(3) kT [ = F_=18.00(1) kT
o 10 | (a) Tl 1 OKa TC 1 O K 0 o OE ) 1L (b) TI1 OKb TC 1 O K a ”- 45(0 :l | Torque measurement to
ER 6=97" 1} - ' ' e=36° | detect the oscillations in
2 %% 1 = 1 magnetization
© = =
065 1+ 5
L = £
O 8 S
E 04F 5 1r &
g 43.0 42’:.5 44I.0 44:.5 45.0 43.0 45:.5 44I-.0 441.5 45.0
.;23 02r Magnetic field (T) 1r Magnetic field (T)

0.0 ' S ' ' 2

" (c) TI2Z6K T =26K F,=17.63( kT (d) TI26K T =26 K F,=17.61(2) kT
o 10F c oo0r AF c s A
E i g=4.1° 6=8.0°
S 08} 1+ -
i 063 1r 3 -
L £ o
o T L
E 04 5 1F 5 =
E 430 435 240 445 450 430 435 440 445
{23 0.2r Magnetic field (T) 1r Magnetic field (T) T

0.0 ! 1 1 . . . ] . ] . .
10 12 14 16 18 20 10 12 14 16 18 20
Frequency (kT) Frequency (kT)
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Graphene
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Graphene lattice structure and a simple thought on the band structure

Atomic orbitals Honeycomb lattice

OD@+8 .

3 x sp? AOs ' @
in the plane
unchanged 2p,

Dirac corn

Simple thought on band gap opening  Triangular neighborhood e0 & & ¢

€0 €0 €0 _|§ @ 0 0 € = €o(x2
O - § ©  ldnearestneighbor O " § 0 & 0 o,
s ” E 0 0 e €0+ ¢
€ = € + f f I ’
g & R w— €0 -
k= ( ) £ O & ]
0 v f
§  €o — 2& €0 \30 e Degeneracy remains
N




Graphene band structure: Dirac points In k -space

E (unit:y,)

E:hAAzl:f\/lJrélcos

k., =0
E:hAAig‘

4
E (l{m —W) ~ haa + ‘ffa’
3a

A Dirac point

X(Er) =

L _
dt

—eE) — e 2
X (—eFE) eth

V3k,a

ky
1—|—20057a

Graphene magnetic susceptibility
2 2
vgs€” (€
_9vg (—) 0(Er)

o7

C

Why this happens?

Remember classical diamagnetism /
r

r2 dB

cos — —+ 4 cos? ——

Ko |

kya kya
2

ky

<

No accelerationv

Infinite acceleration



Measurement of graphene diamagnetic susceptibility

Graphene magnetic susceptibility X
A
2 2
gvgs€” re€
x(Er) = =225 (=) 6(Ey)
- 150
McClure, Phys. Rev. 104, 666 (1956).
- 100
Bustamante et al., Science 374, 6573 ("21). - 50 =
o
Lo »
=
50>
Transport ... --100
&g
--150




Magnetic field screening, repulsion in graphene
Gm (b)

~
L
N
—~
QO
e

v a . e
.......
.......
-------
.......
0 . .

-----

Graphene “

Magnetic charge magnetic  Virtual charge to express

force line Induction field in the region
z < 0.
Magnetic field om
B(r) = B(q) c0sqx  induced currentand Jy = ~“or — m

magnetization

. .
. Q
------

. o
-------
------
.......
PRI
~~~~~~~
0 ER-
......
-------
------
.......

Mirror charge to express
induction field in the region
z >0,

B 2Ty G €2V

Bina(r) = —ay,B(r), a4 = oz~ 4x107°




Multi-layer graphene

(b)

Susceptibility
(units of —~gygse2y2/4mh2yy)

40

20

40}

20

Ol

40

0.1
Energy (units of y1)

N=2M+1 layers

1: Dirac point
M: zero gap+ gapped
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Magnetic levitation of graphite
— L

Pyrolytic Graphite

Salm
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Exchange interaction

Classical dipole interaction: U (g, pto, 712) = Ho | B1 - Ko 3(""1 -7T12)(r2 - T12)

3 5
A {5 75

This cannot explain ferromagnetism (1 = p2 = oug,r12 = 0.2nm — U ~ 2 K

Quantum mechanical origin of spin-spin interaction: Symmetry of wavefunction

Fermion wavefunction is anti-symmetric: (Orbital part: anti-symmetric) — (Spin part: Symmetric)

If the anti-symmetric orbital part is energetically favorable, this should work as ferromagnetic coupling.

Heitler-London approximation: A two-atom system without hopping

Atomic orbitals: ¢q, ¢ Spin states: xq, X5 Wavefunction Slater determinant

1 ea(r)xa(st)  eu(r1)xe(s1)
VN [®a(T2)Xa(52)  ©b(r2)X(s2)

Spin up (o): x(1/2)

x(=1/2) =0
Spin down (B): x(1/2) 1

1
0, X(—l/Z) —



Heitler-London approximation

Pauli exclusion: \If('r'l,sl;'rl,sl) = 0, \If(’l"l,Sl;’I’Q,Sz) — —\I}(r2,82;r1,81)

Basis: {\Paa, Vaog, Vaa, ‘I’ﬁﬁ}

Example of interaction .
Hamiltonian calculation: (®¢“ntlac) = > /drldr2\1}aajzpint\]?aa

51,82

— / drldrgc,o;(rl)sa?; (T2)%nt(‘0a (Tl)(pb(T2)

Kap - /drldrzsoﬁ('m)%(rz)%’intsob(rl)eoa(rz)
_ o af Ba B Jab
Matrix elements: 0o | Ko — Jon 0 0 0 Exchange integral
af 0 Koy  —Jab 0
Bo 0 —Ja  Kap 0
33 0 0 0 Ko — Jap

20



Spin Hamiltonian

v, \
Eigenstates: L(‘I’ozﬁ +Vsa) p (81482 =1) L(\I/ 3—Vsy) (514 52 =0)
V2 o2 " :

Vs )
Spin triplet Spin singlet
Spin operators: s, s}, 28, -8y = (Sq +8p)° —82 —s5: =8 — 52— s

1
— 5(1 + 48, - 8p) = +1,



Heisenberg Hamiltonian

: : : 1 : . :
Effective Hamiltonian: %, = K, — §Jab(1 +4s,-s,)  Direct exchange interaction

Heisenberg Hamiltonian: 7 — _9 Z Ji;8;-8; Exchange interaction
(i,7)

. e? . . 1
Exchange integral: Jup = /d’rld’r‘gcpa(’rl)gob(TQ)—gOb(rl)(pa('rg)

. _ 471'60 12
Positive — Ferromagnetic
interaction

1

/
Weak hopping correction. Superposition of ¥’ = Vi 0a(T1)Xa(51) ®al(r1)Xa(51)

Pa(r2)Xa(52) $a(r2)Xa(s2)

Electron hopping: @yx, = QaXe — (U|2|T') # 0

84, Sp : anti-parallel —> Energy gain Wy, = (V|2 W) |?

L
AFE

1 1
5(1 —4s, - 3b)Wa,b ! 5(_Jab -+ Wa,b) — Q(Jab -+ Wab)sa - Sp

int —



Summary

1. Landau diamagnetism
2. de Haas-van Alphen effect
3. Orbital diamagnetism of graphene, graphite

Chapter 4 Interaction between spins

1. Exchange interaction from Heitler-London approximation
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Review

1. Landau diamagnetism
2. de Haas-van Alphen effect
3. Orbital diamagnetism of graphene, graphite

Chapter 4 Interaction between spins

1. Exchange interaction from Heitler-London approximation



Spin Hamiltonian and quantum entanglement
Hubbard Hamiltonian

Superexchange interaction

RKKY Interaction

Double exchange interaction

Theory of Magnetic insulators

Molecular field approximation



Spin Hamiltonian and quantum entanglement

S +1)
3

Spin Hamiltonian for EPR analysis: ~

H=upSgH + D [83 _ 3

Obtained by integrating out the orbital
part in the second order perturbation.

1
Direct exchange interaction: e = Kap — 5 ab(1+ 48, - Sp)

This gives the same matrix elements for
the basis of relevant levels.

Quantum entanglement

states

{Ip) s la) ) = ap [p) + aqlq)

Two systems, freedoms

{11).12)} ) = a1 [1) + a2 |2)
bases ~|:

Notentangled:  [¥n) = |¥) ® [¢) = ara, 1) |p) + a1aq (1) [q) + aza, [2) |p) + aza4(2) [q)
The state is written as a direct product.

Maximally entangled state: &) = (|1) p) + 12) |q)) Two states are unseparable.

Sl



Quantum entanglement and effective Hamiltonian

1
Maximally entangled state:  |£) = E(U) p) +12) |9))
Another maximally entangled state: () = %(\1) ) + |2) |p))
2

Let us consider the case the basis is limited to {|&) , [()}

Consider a Hamiltonian working on {|1),|2)} 7] = hir - hag
ha1  hag

(&||E) = ha1 + haa,  (&|A4|C) = hia + hai,
(C|F4|C) = h11 + hao

Consider a Hamiltonian working on {|p), |9)} 7 — hir hao
ha1  hao

Though .7, and %, are completely different, as long as we limit the basis to {|&) , |()} we cannot
distinguish 57, and .77,.



Quantum measurement and entanglement

3kgTV (AHO) \/ ksTyF' B In inductive measurement the EPR needs

Nmin —
omg2u2S(S +1)Qo \ Hy P, N, in~1010
How you make this to one?

What 1s measurement?
System to be measured: {[1),[{)}

Degree of freedom which human can distinguish: {|A) , |B)}

: 1
Measurementisto createa — _—_ A) + B
= maximally entangled state V2 14+ 15)]
e CAUNTER between them.
= ALIVE CAT i
o ' Schrodinger’s cat problem is a problem of measurement.
|Alive cat) |y—) + |Dead cat) |v+)
i CYANIDE (POISON) :




Coulomb blockade in quantum dots

Constant interaction: U

Electron number: N

N(N-1U _UN-1/2® U

E.n =nCoU =

Interaction energy 2 2

Chemical potential AFE(N)=(N—-1)U

)

2 J

Coulomb oscillation

\/

\

8

\

Er

-

v

| >



Pauli blockade

A 0.3
\ dotl dot2 . gwl\fc’j:
N o oal, |
—~— 1IN /x.\\ When both dotl and dot2 —_—
é YN are occupied by up (down) =
oL spin, the conduction is
@ _ blocked.

VA
’
’

DO o@
3@/@/@5

K. Ono et al., Science 297, 1313 (2002) .



Spin quantum bit

2

Even electron QD

No spin

i

Odd electron QD
Spin 1/2

I | | | & P=-8dBm, B, =1.5mT
y S ." :'0; .'o' “:.," u"o',’..-'-'-‘. ".‘,.-.' ;‘2.'. “:\\ g0 “:' ¥
¥ D
300

Pauli blockade

P=-10dBm, B, =12 mT

JEERyR I+|:| L1 -

Quantum dot isolated

Larmor precession

1

Gate voltage

Ioo, (fA)

200 400 600 800 1,000
Burst time (ns)

Readout

VWAL

Vv



CNOT gate for electron spins

Zajac et al. Science 359, 439 (2018).

Bz|ly ¢+ t 11 560 :
Bexl L M R ” X N
‘A Y177 550 - (1,1)
- 5 (1,0) 3,,,
N - S 5404 :
Qubits . SiGe |y Iyq) E X
! ¥ ~ 5304
Charge BEESS = j\
Sensor Falit e 520 b,
(000 < 5 (0,1)
510 I | — | |
D 540 550 560 570 580 590
Vg (mV)
a: Empty b: Init. [Yg) = |1) c: Init. [y ) = |1) d: Quantum Control
g Meas. nghi@ f: Empty Left e: Meas. Leﬂ@ /

b |



Detection of Larmor precession

18.305

18.300

f* (GHz)

18.295

18.290

0.8

0.6

0.4

0.2

PL 0.2 0.4 0.6 0.8 PR 0.2 0.4 0.6 0.8
18.500
18.495
“~ 18.490
18.485
200 400 600 800
Tr(ns)
T T T T T T
0 2 4 6 8 10 12
TR (Us)

F =993 + 02% *

Ll TIIIITII

T T | Sy i § Il'll
10 100
N (number of Cliffords)

Fr= 997+ 01%

I T L) lll'lll L) T l"llll
1 10 100

N (number of Cliffords)
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Spin-charge entanglement and detection of spin-spin interaction

A Initialize Measure C J=0 J=19.7 MHz
(control) [pg) = 1) — 65 |— ,: A I+)
3t
g

(target) |y ) = 1) — 6.

|-
J=0 frpry=11)

I
_____ 2
2]
fi=o
O (degrees)
3(150 SL}O 7210
®
™ ]
A »
o s <, @
@ ™ L]
E: .' “.
™) [ ]
e @ Y o2
[ ] ‘ .. -
L ] .‘ ®
o0 L& e
; - o 0'..
O'O—I T T T T T T T s' T T .ﬁ
0O 200 400 600 800 0 50 100 150 200 250
7p(NS) Tr(NS)
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Hubbard model

Anti-ferromagnetic exchange interaction by electron transfer

Two site model: (i, )

Hopping operator:  #(a!_a;, + h.c.)

. _ [ _ -

t/' 030, =) \, Second perturbation energy gain
. — 2
nim) = |o; o) Intermediate state | 7/ 2
Enhancement U U

|
Nic = Q;,0ic

In Hamiltonian form: 2 =t » _(al,a20 + ab,a10) + U(nipnyy + napnay)
o=T|
Two-site Hubbard Hamiltonian

13



Effective Hamiltonian for 2-site Hubbard Hamiltonian

1 1
ible 6- ' ;00 10518 1T T, —=UT8) 16 T)), 54, —=UTid) — 14
Possible 6-states: [14;0), [0;11), [151) \/5(|T ), ) \/§(H b =141)
o
Good quantum number  s; = Za}} (5)00, Gigr, S = Z si, N = Zma
operators oo’ =1,2 4o
a2—=14 (4t/U)2 No. S S, E Eigenstate

1
E(\N; 0) —10;14))

V1+a _ ' 1l—a
5 (11:0) +10: 1) + 4/ =5~ 10,0)

v
2
U 1—|—a‘00> vV1—a
2 2 ’ 2

1 0 O U

1
> (1+_)
1 a

%HZ—J(SrSz——),

4 1
I (1 B 5)

U

(11450) +10;14))
J =

4 1 +1 0 1, +1)
1,0)
6 ~1 1,-1)

oL
-]

Anti-ferromagnetic

14



Superexchange interaction

o— 0 [©

Magnetic ion Negative ion Magnetic ion

<«
|

Compounds of magnetic ions and closed shell
negative ions often have anti-ferromagnetism or
ferromagnetism.

What is the mechanism (spin-spin interaction?) of
magnetism?

Superexchange mechanism

Small amount of electrons on a negative ions
moves to a neighboring magnetic ion. Then
spin appears on the negative ion which have
exchange interaction with another
neighboring magnetic ion.

15



Goodenough-Kanamori rules

p(z)

p(2)

d(3 32_ ,,2)

ta

¢/

Y

)

\>

(a) (b) d(3z2_r'2)\e\

p(z)

/p (x)\x\

/d(zx)

Angles, orbitals, electrons numbers determine ferromagnetic, anti-ferromagnetic

and the strength

16



s-d exchange interaction

Scattering of electrons s by a local magnetic ion S at the origin.

ko) — |k’ o)

This works as if a delta-function magnetic field:
Fourier transformation:

Magnetic moment spatial distribution
and susceptibility in frequency space.

Perturbation of catt on plane waves

jz’écatt = —2J5(T)S - S

2J86(r)/(getin)
_2Jo(r) o dq Ligr
Beg(r) = oD S_/(2W)3\/VBQ
_ dq
mir) = [ (@B

B eikz-'r J_S eik-r dq
Pr(r) = VvV TV /E(k+q)—E(k) (27)3VV

_ Je UB

my(r) 5

(Pl Ph— — Pry Pl+)

17



RKKY Interaction

my(r) = g 5 (0 or- — OhyOrt)
_ gekBJS / ( 1 N 1 ) Jigr_ 94
V2 E(k+q)—E(k) E(k—q)—E(k) (2m)3
2. 2
ge/-LB 1 1 ) dk
— +
. D=5 ) (E(k: +q)— E(k) ' E(k—q) - E(k)) (27)3
0 | T 2 3N (gepn)*1 ki —q° | 2kr +q )
T Sk 8 Er 2 1+ 4qkg log 2kr — q
1 — x2 1+
F(r) = ! dqe"’q "f gsin(qr)f i) dq
27r 2kF 2kp

= %/_Ooqsm(qr)f (%) q

18




RKKY interaction (2)

/ sin[2kpr(1 + x)] do = 7. / cos|2kpr(1 £ )] Jr— 0
. 1+ 7 1+x

— 0O

3 2kpr cos(2kpr) — sin(2kgr)

F(r)= —167nk
(T) TR (2]€F7")4
3 NgeusF(r)J
5% 1073} | | | | § m(r) = 3272 Er 5
h(z) = _ xcos(z) — sin(z) o
i P - Second magnetic ion at R
0 —— 3N J?
_ Be — R d — F R S ZS z
| | [ m(r)Bn(r ~ Rdr = 5 F(R)S1.54
—5x 1073 .
0 10 ' 20 30

xr = 2kpr

19



Double exchange interaction

LaMnO, are anti-ferromagnetic insulator (Mott insulator). But when some La is replaced
with Ca, Mn** ions appear. The system becomes metallic and at the same time this
material shows ferromagnetism.

. Kind of kinetic exchange interaction.

20



Chapter 5
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Molecular field approximation

Ferromagnetic Heisenberg Hamiltonian: % = —-2J ) S;-S;—puY B-S; J. up>0
(2,5) i

Average field approximation: ;2. (;) = _QJZ (Siis)-Si—puB-8; = —uBeg - S,
(molecular field approximation) 5

pBeg =2J ) (Sits) + puB

giusJ B 5
kT replace gspus — p, J — S, By — Bg

Remember M =g;usJB; (

B @S 200, J
then M = puSBg [—kBT (B+ " Mﬂ

I . 1 1 1) + 52 1
Brillouin function is expanded as  Bg(z) = S?:; T 55 (S+1) ;38 (5 + ):cg +




Molecular field approximation (2)

then (

with X0

The first order term drops at

Curie-Weiss law

200, 1 1 20,0\ °
1 — aJX0>M+—[(S+1)2+SQ] (QJ) M?® = xoB

90
= 1?S(S+1)/3

2
kpTc = S(S + DasJ

X=Xo|1l—=—7FXo0 =
7/

(kT)> \ W

which gives the Curie temperature.

S(S +1)

3k (T — Tc)

23
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Molecular-field approximation on ferromagnetic Heisenberg model

Ferromagnetic (J >0) Heisenberg model: o ==2] (Z:) Si-5j - MZ B-5
,J v
nearest neighbor
Mean field (molecular-field) approximation: Replace the neighboring spins with averaged one

(i) = =2J > (Sits) - S; — pB-Si = —pBeg - S
5
The averaged spins work as an effective field:

pBe = QJZ (Sits) +uB
)

Remember paramagnetic representation of  A\f = ¢, g J B, (QJMBJ B)
magnetization: kT

Replacement: 9JiB — i, J = 5, By = Bs L — Den

B ﬁ 200, J
then M = uSBg [kBT (B+ 2 M)]



Curie-Weiss law

P

T/Tc

0 1

which gives the Curie temperature and the Curie-Weiss law

then (1 —

Brillouin function is expanded as

S+1

Bs(r) = =5

200, J
uz

X0 =

90

pu?S(S +1)
3kgT

where

The first order term drops at kg7 = §S(S + 1)

1 [(S+1)?+S%)(S+1) 4

M + i[(5+ 1)? + 57

T+

83

1 (2. e
(kgT)% \ p?

XoB

: the Curie law

o, J

X:XO(]-_ [,L2

200, J

—1
2
X”) Sk (T — To)

S(S +1)

T <Tc

There exists non-zero solution for M,

which has lower energy than M =0.

I'<Ic o1
X

BS(.SC)

Solving the above we get

M =p

M:u[S—exp(—

10

S(S+1)

[ T
1 — —
3 /(S+1)2+ 52 Tc

3 1c
S+1T




Ginzburg-Landau Theory(1)

N 1 Te (Te\® [(Tc\’
_ — 14+ = = -
The Curie-Weiss law  x T (To/T) + +(T> +(T 4+

Involves that the establishment of spontaneous magnetization is the result of a cooperative phenomenon.

Phenomenology: discuss the physical properties that do not depend on details of models.

The Ginzburg-Landau theory was developed for phenomenology of superconductivity.

Consider a symmetry of the Heisenberg model at B =0. H = —=2J Z Si- S

A symmetry operation: Vi S; — —S; A . unchanged

Free energy .#: unchanged

On the other hand M = (S;) — (-S;) = —M hence F(M)=.7%(—-M)

Expansion to the series of power should be .# (M) = % + aM? + bM*

O-.

: . . 0.7
To obtain stable (minimum) points 217 = 0= 2aM + 4bM?® = 2M (2bM? + a)



Ginzburg-Landau Theory (2)

(a) (b) © = —
T > Tc T <TIc

Continuous variation in free energy: Second
order phase transition

F(M) = Fo+aM? +bM* a=k(Tc—T)/Tc T:relevant parameter
0.7 3 5
Magnetic equation of state 26 2bTc



Spontaneous Symmetry Breaking

Spontaneous magnetization M A
a<o s

y \/7 k(Te — My o,
T < Tc o 2ch

The symmetry of the system (Hamiltonian)

— M, M, _ Is kept unchanged.
M -
W However the symmetry of the state is
broken. MH curve

Spontaneous Symmetry Breaking  One of the central concepts in physics.

Phase transition, mass appearance, big bang, -

Associated with appearance of Nambu-Goldstone mode



Critical exponent

In the presence of spontaneous magnetization, the free energy around

A C
the stable point is
2 ]{32 T —T 2
: 9(T)290+CLM§—|—Z)M4 gzo—a— Fo — (C 5 )
; 2 4b 4bT2
AC = 2T Then the specific heat is obtained by
| RFE KT
| =T =
0 Tc o ¢ orz ~ w1z 1<l A K
2T
F(T)=F ..C=0 T>Tc
SmallB  .F(M) =%y +aM?+bM* — BM OF = 2aM + 40M° — B M o I
ma )=Fota OM = HOAH 5 at the critical point
B1/6 _ _ — T—Tc)™“ 1T >1¢),
e T=To),  fT-T)T (T>To) [T -To)7 (1> T
(T —T)? (T < To), Tc—-T)"" (T <Tc), (Tc =1T) (T < Tt).

Physical quantity that appears
at the critical point

Ao (x —w)”  Shift of a relevant parameter from the critical pomt

v : Critical Exponent




Critical Exponent and Universality Class

Universality Class: Classification of the systems by symmetry, range of interaction, etc.
Each system which belongs to a universality class has the same set of critical exponents.

Critical exponent | a B v 9
In the case of mean field approximation: Mean field approximation | 0 1/2 1 3

One of the key features in analyzing phase transitions.

class dimension | Symmetry o B ol ) v n
3-state Potts 2 Sy 3 & & 14 2 =
Ashkin-Teller (4-state Potts) 2 Sy % 111 % 15 % 21‘
1 1 1 0 1 oo 1 1
2 1 _2 5 43 91 4 5
3 36 = 3 3 =
3 1 —0.625(3) 0.4181(8) 1.793(3) 5.29(6) 0.87619(12) | 0.46(8) or 0.59(9)
. - 39 o0r
Ordinary percolation 4 1 —0.756(40) 0.657(9) 1.422(16) e 0.689(10) -0.0944(28)
—0.075(20) or
5 1 =~ -0.85 0.830(10) 1.185(5) 3.0 0.569(5)
-0.0565
8+ 1 = 1 1 2 g 0
1 1 0.159464(6) | 0.276486(8) | 2.277730(5) | 0.159464(6) | 1.096854(4) 0.313686(8)
2 1 0.451 0.536(3) 1.60 0.451 0.733(8) 0.230
Directed percolation
3 1 0.73 0.813(9) 1.25 0.73 0.584(5) 0.12
a* 1 =1 1 1 2 3 0
1 1 0.28(1) 0.14(1) 1.11(2)H 0.34(2)1]
Conserved directed percolation (Manna, or "local linear 2 1 0.64(1) 1.58(3) 0.50(5) 1.29(8) 0.29(5)
interface”) 3 1 0.84(2) 1.23(4) 0.90(3) 1.12(8) 0.16(5)
4%t 1 1 1 1 1 0
2 1 5/4112] 86/41[%]
Protected percolation =
3 1 0.28871(15)%1 | 1.3066(19)1]
_ 2 Z, 0 z Z 15 1 g
Ising
3 Zs 0.11008(1) | 0.326419(3) |1.237075(10) | 4.78984(1) |0.629971(4) 0.036298(2)
XY 3 O(2) |-0.01526(30)| 0.34869(7) 1.3179(2) | 4.77937(25) |0.67175(10) 0.038176(44)
Heisenberg 3 0(3) -0.12(1) 0.366(2) 1.395(5) 0.707(3) 0.035(2)
Mean field all any 0 % 1 3 % 0

Wi ki ped ia Molecular beam epitaxy!®]

Gaussian free field

10



Models of magnetic systems (Spin systems)

XY model:  Spins are confined in a two-dimensional plane. S, =(S7,S?)
H=—J  cos(¢; — ¢;) é; : Angle of each spin
(2,9)
Two-dimensional XY model: No long range order (Mermin-\Wagner theorem)

Berezinskii-Kosterlitz-Thouless (BKT) transition
Quasi long range order (power decay)

Realization of XY model: Josephson array

Josephson energy

bi ®;

H E; = —Eycos(¢; — @)




Berezinskii-Kosterlitz-Thouless Transition

o~ |

Nl

Tight pair of vortices /:(?(L 3
| &Y

"

Single vortices

LOWER TEMPERATURE <« TOPOLOGICAL PHASE TRANSITION —> HIGHER TEMPERATURE

Illustration: ®@Johan Jarnestad/The Royal Swedish Academy of Sciences

12



Directions of spins are limited to z T = —.J Z SZ-SJ- —h Z S; Solution: 1d Ising, 2d Onsager

(4,7) v
Model (Universality class) e B y )
2D Ising 0 1/8 7/4 15
3D Tsing 0.115 0.324 1.239 4.8
3D XY —0.01 0.34 1.32 4.9
3D Heisenberg —0.11  0.36 1.39 4.9
wt  Mean field approximation 0 1/2 1 3

https://www.youtube.com/watch?v=kjwKgpQ-11s

o0 S0 1200 T600 000

13



Antiferromagnetic Heisenberg model: Néel order and lattice partitioning

pitonegele %= T 5008, i T B
J<O0

B,=B,+ B
By =B,— B
' B m e ) 7§ 7§  §

T+ 3413413 A 7§ 3
1+ 4131 ) T A

T+ 3413 13 i T 7§
14131 x A p §

T+ 34+ 13413 T 2} T

Néel order in 2D square lattice

Partial Lattice A

D
B, B,
O S
¥ 5 s
v ¥ s
¥ o8 %
¥ ¥ 3
'S
v ¥ s

Partial Lattice B

14



Antiferromagnetic Heisenberg model(2)

Molecular-field effective -
Hamiltonian _
H(j) = —2J> (Sjys)-S; —puBs- S,

Averaged moments

Vector Brillouin function By (z) =

Self-consistent equation M, + M = uSBs { kT

u — ]. - - -
Uniform susceptibility X uIIlO B, X0 5 X0

M, 20,0 \ !
l—l_ MQ XO

Alternative susceptibility — xs = Blir_rgo B, X0

HS [Bu ‘I‘Bs ‘I‘ QQZJ(MU T MS)]}

15



Antiferromagnetic Heisenberg model

Around stable points
= - z —2 z 2
M, + M, = uS [BS ( po —2a JMS) L4 ( po —2a JMS> (—Mu __F Bu)}

kT w2 d M kT  p? 200, J
A i JS_eii\f/‘[gonsistente uation for M M, = uSB S _Q%JM
XU. q S s l’[' S k‘BT l,[,2 S
(S
d S —2a,J
1=uS B M,
P, s (kBT PE )
M2
M,=-M, — B,
200, J
T
0 - M, 2

16



Summary

» Molecular field approximation

» Phenomenology of phase transition GL theory

* Free energy
« Spontaneous Symmetry Breaking

» Critical Exponent

» Theoretical models of magnetic materials

e XY model
* Ising model
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» Anti-ferromagnetic Heisenberg model : parallel field
susceptibility
» Spin flop and metamagnetic transition

» Ferrimagnetism
» Molecular-field approximation

» Helimagnetism

» Spin wave



Antiferromagnetic Heisenberg model

Antiferromagnetic W= _9] Z S;-S;

— B . S?/ My M"‘ M, My
Heisenberg Hamiltonian — MZ > “‘ t i:
(%J) ? -M. M,
J<0 B A
Sublattice magnetic field Ba = B, + B

B, B,
By = B, — B, T T
“B=—p A B

Self-consistent equation ——> spontaneous sublattice magnetization

S uS —2a,J d uS —2a,J (2
M,+M,=uS |B M B M —M, — B,
" _ : [ y (kBT 2 ) ” d M > (kBT p? 200, J

A
Yu Around stable points
M. 1 M
| . S - - S _2 ZJ
Self-consistent equation for Mg My = nSBg o “ M
kBT MQ

d wS —2a,J B 2
T 1=/LSdMSBS (kBT [L2 Ms) Mu—_Mu_ Bu

Xu = llm — = —



Antiferromagnetic Heisenberg model: parallel field

[ 1S 200, J |
(Mua) = uSBs | —— (B + <MB>) ;
Set of self-consistent equations for kT s l
sublattice-dependent magnetic field 1S 200, J

Bs(x) : Brillouin function

This set of equations should be solved numerically.

Ma+ Mp

Then the parallel susceptibility is given by x| = éim

—0

T—>0 My=—Mg=puS then x| —0

- Onthe otherhand, atT =Ty  XII — XL



Examples of spin configuration in metal-oxide antiferromagnets

magnetic
unit cell

lattice
unit cell

NiO MnF,

FeO




Temperature dependence of susceptibility

, =
[ x, Theory T 262K ﬁ I
0.10[ S=72 N T 20 ] 5 |5l
: f=—0.88 ep - 730K "‘I‘E ’ _
X, - 5
(a) 1 _
0.00 ' L () e
10 20 30 40 50 0
T (K)
High temperature side (T > Ty)  Xu & T+ 0 0: Weiss temperature
¥ M, { 200, J 1 _
a= Ihm — = —
. " 200, J -1
— 1111 —
As B;—0 By X0 2 X0 _

0 ="In




Typical anti-ferromagnets Néel and \Weiss temperatures

Material | Lattice-type of magnetic ions | Néel temperature (K) | Weiss temperature (K)
MnO fcc 116 610
Mn§S fce 160 528
MnTe hexagonal 307 690
MnkF5 bct 67 82
FeFs bct 79 117
FeCls hexagonal 24 48
FeO fcc 198 570
CoCls hexagonal 25 38
CoO fce 291 330
NiCls hexagonal 50 62
NiO fcc 525 ~ 2000
Cr fce 308




Spin phase transition at higher fields in antiferromagnets

Consider a material with susceptibility y

M | t
meta i With applying magnetic field B the energy lowering in the material is
B / / B v /
/ M(B') dB B' dB
T WA En=— [ o x| 2=
. 0o Mo Mo 0 Mo Mo 241,
‘ spin flop

—>  States under vertical magnetic field is more stable

However crystals often have magnetic anisotropy. Let K be the anisotropic energy.
XL —X|

W B2 =K  Spin flop transition
Ho

The anisotropic energy is overcome by the Zeeman energy at

Meta magnetism transition: antiferromagnetic interaction is overcome by the Zeeman energy



Spin flop transition, metamagnetic transition

. Metamagnetic transition

T

3| eessAsassaangs, H=1kOe |

N
|
@

Y
1

60

uoH (T)

Smy, £Cay ,Srg sMnN3 Helical magnet Ho single crystal

, Remember in magnetic refrigeration, to have a good efficiency
{[Mns (bpdo)(H20)4][Nb(CN)s] - 6H20}4,

0S oM
Spin flop transition in polymer (8—B> = <8—T)B should be large.

T
anti-ferromagnet i . .
J Because the metamagnetic transition is temperature sensitive, very

high efficiency may be attainable.



Ferrimagnetism

Ferrimagnetism <—— Magnetism in ferrites

Me or Fe

O
Me or Fe
O

(o}

spinel ferrite

Anti-ferromagnetic exchange interaction
between the two sublattices: the same as

anti-ferromagnetism

However the amplitudes of
magnetization (the magnetic moments)
are not the same.

Spontaneous magnetizations do not

cancel out.

Molecular field approximation

|

BA:OdMA—I-(

—7)(—

Bp = yMa + Mg

Mp = uSaBs,

MB = NSBBSB

,uS
| kT

ﬂSB
| kT’

Molecular fields: intra-
sublattice interaction is
included

MB) — aMA + ’YMBa

——(aMp + ’)/MB):| Self-consistent set of equations

Bs(x) : Brillouin function
5% (M -+ 90|

11



Compensated ferrimagnetism

Mn, :V, FeAl
Cubic Heusler
L21 :
Fm3m # =
T Stinshoff et al.
> PRBO5,060410(R) [ '
R 0.10 -
(17)
—, 0.08 -
=
0.06 i
S
S 0.04 -
0.02 2 -
350 T T I 1} ® 4
x =0.789 (6d,_.Co,),. Mo 0.00 P ——— PP
_300F y=0.078 Ik e B b A | ] 0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
§ Temperature 7 [K]
é 10 _-__l_-_'__l_.-_l..‘- I |_ _----l--—--l—.--l 1 l_
- - =M “ -
8 I "« S
- g 0.5 f—1M_| T N
N e meem M . \
E — 0'0 I 1 ’
g % 051 © AL -
S my = —2%m, “__.—" } m,<-2%m “_,,—" i
1.0 ---.--l---:“l--‘. T PR i ---u-.l---:--l-". T R I
TEMPERATURE (°K) 00 02 04 06 08 1000 02 04 06 08 1.0
Hasegawa et al. AIP conf. proc. 24, 110 (*75). Relative Temperature T/ T
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Helimagnetism

Heisenberg model (again!) H = — Z JijSi-Sj— Z B;-S;
(4,9) .
Remember the agenda of molecular field approximation. B; = 0 inthe first place

1. Find classical ground state
2. Consider the field configuration to stabilize the classical ground state

3.  Write down the self consistent equation N
Look for a stable state. r:: - : : ::_\:9
Fourier expansion Si) \/— Z ) exp(iq - T;) ’\:\’:_:_:__:\:;;}
“ N -~
Then  |(S)[2= 5% = =37 (Sq)- (Sy) explila +a) -7 :,’]L__
q.9’ ¢~ -

: S & - T
The expectation value of the (A = — Z Jij (Si) - (S;) = — Z Jq (8q) - (S_q) u /
q

Hamiltonian is written as iy

where  Jq = Z Jij exp|—igq - (ri — ;)]
j

13



Helimagnetism (2)

1
In (i) P =8%= 3D (Sa) (Sq)exp(ilg+q) i)
q,q’
the summation on i in the right hand ) ex + _ SNV AS NS,
side can be carried out as Z;;; plilg+q) -r) (gq:,( 7) (5a)0q.—q

Then NS?= Z (Sq) - (S—q) this should be a constraint.

q
Let +Q be wavenumbers at which ], take the maxima Q

Q
Then we assume (Sq@) #0, (S_g) #0, (others)=0

0: Ferromagnetism
K — Q: Antiferromagnetism

The equation Otg;hli NS* =(Sq)  (Sq)exp(2iQ - ;) + (S_q) - (S_q) exp(—2iQ - 7;) + 2 (Sq) - (S_q)

From the constraint ~ (Sq@) - (Sq) = (S—q) - (S—q@) =0

Re[(So)] = a, Im[(Sg)] =br— |al> — b2 =0, a-b=0

14



Helimagnetism (3)

Then we can write with taking u and v
as orthogonal unit vectors as

Then the ground state spin configuration
IS given by

(S;) = Slucos(Q -7;) +vsin(Q - r;)]

This represents the helical structure.

Molecular field approximation
Stabilization field

Molecular field

Effective Hamiltonian

Self consistent equation

Helical susceptibility

Helical order temperature

B, = B,|lucos(q-7;) +vsin(q - r;)]

(S;) = mgylucos(qg-r;)+vsin(q - r;)]

PRl Hill -
4 "
~ ~y — e - s

J"——_ I _—__§—§

- ~
( \
S o \ _’

~ e | = ~ o
( \
~ ~ f— .-‘ - s

_ e |
( \

o (1) = —(2myJy + uBy)|ucos(q - r;) + vsin(qg - r;)| - S;

15



Lorentz transmission microscope

, Li-cong et al. Ch. Phys. B 27, 066802 ("18
Overview Effect of defocusing : Y (18)

In-focus Over-focus Under-focus

e e ;

Field emission gun

Condenser lens

Cs-corrector =
Objective Iens\.
Focused

electron beam 4
=

Lorentz
deflection

Segmented
Detector (SAAF)

16



Spatially localized magnetic structures

Li-cong et al. Ch. Phys. B 27, 066802 ("18)

(a) Bloch Wall
(c)
Vortex
"‘: t\‘: - - t\‘: -
(b) NN oy N h
Neel Wall £ § A0S BRI B
P E— N S R R S
BT e 2 Tl Bl
. Skyrmion
(@) Magnetic bubble Ky

“**= Bloch Li

q.. (‘% { &/ '“H’/ix\'
7l ’

ff’ \\\

ne 17



Real space observations of spin structures by Lorentz microscope

Uchida et al., Science 311, 359 ('06)
Fe, ,Co,Si

e-FeSi B20-type CUDIC NON-CENMT0- gy ©

symmetric lattice e Rl O

i

Helical structure can be detected

Dzyalosinsky-Moriya interaction In the Fresnel mode of Lorentz D £
causes helimagnetism microscope. g 40f d~90 nm ]
< 0 100 200

Position (nm) 18



Observation of skyrmions by Lorentz microsce

Cu,0Se0, .\ bOe 500 Oe
- _ H || [110] H || [111] o\

The DM
interaction
causes

helimagnetism.
) G 1800 Oe

Seki et al.
Science 336, 198 ('12)

o
)
kel
Qo
(I - . 0
S 1000 3 os!(yf mMIoN , AN
@ I 5
5 , Para
m ¥
E ..
Helical o o &=eg,
0 —o—tb—o—b—o—tb—o—4— —;{—
0 20 40 60

Temperature (K)



Spin wave (ferromagnetic)

Ferromagnetic Heisenberg model ~ #" = —2J > ' S;-S; —p» B-S;
(,7) i
[ ' ' ds; 1
Helsel_wberg equation of mot!on 5 _Yig, ) = _QJZ Siis xS — uB x S,
can be re-written as a torque equation dt i -
{ (S, 5P =iS7, (o, B,7) = (z,, z; cyclic)

(52,8252 + SYSY + S78%) = [SF, 8Y8Y] + [SF, S752] = i(S7SY — SYSZ) = i(S; x Si)s }

1 : .
Sq= =D Siexpl-ig i), o= D Jexplia- (ri—riis)
7 1)

Fourier transformed equation of motion dSq _ 2

dt /N
(So) = VNSe, has much larger value than others.

Z Jquqf X Sq—q’ — /,LB X Sq
qf

Then we can approximate % = —[2(Jo — Jq)S + nuBle, x S84

20



Spin wave (ferromagnetic) (2)

(. dSqq

h dt = [2(J0 — Jq)S + /,LB]qu,

These equation represents precession around hdqu
z-axis (in Fourier space) dt

hdqu

\ dt

= —[2(J0 — Jq)S + LLB]Sqm,

=0

Hence we write  Sqz + iS¢y X exp|—ieqt/h)

to obtain the excitation energy ~ €q = 2(Jo — Jq)S + uB

Holstein-Primakoff transformation

21



Summary

» Anti-ferromagnetic Heisenberg model : parallel field
susceptibility
» Spin flop and metamagnetic transition

» Ferrimagnetism
» Molecular-field approximation

» Helimagnetism

» Spin wave
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» Anti-ferromagnetic Heisenberg model : parallel field
susceptibility
» Spin flop and metamagnetic transition

» Ferrimagnetism
» Molecular-field approximation

» Helimagnetism

» Spin wave



» Spin wave (classical) in a ferromagnet

» Quantization of spin wave (magnon)

» Magnons in an anti-ferromagnet

» Magnon approximation for weak excitations in ferro- and
anti-ferromagnets

» Nambu-Goldstone mode in phase transition

» EXxperiments on magnons



Spin wave from phase shift of spin precessions

https://www.youtube.com/watch?v=pWQ3r-2Xjeo <

< > > X
~ 7 7

My, -
- ey 50
snapshot S, = Sy cos(ndf) = Sy cos s

) = Sp coskx

S =5, +1iS, = S exp(ikx)
cf. Bloch electrons — Magnons can be described in magnetic Brillouin zone.

Total spin S = Z Si  Heisenberg equation: ma_s =[S, ) Such a motion of macroscopic magnetic
i ot moment can be confirmed by
Ferromagnetic resonance (FMR)

Phase shifts of precessions with sites:

Siz = Acos(wot +6;), Siy = Asin(wot +60;)  Then a snapshot should be expressed in a Fourier form. <

However for w, we need to consider the spin-spin interaction. ,



Equations of motion in the momentum space

Fourier transform, inverse Fourier 1 . 1 .
’ S :—ES-e —iq - T; S-:—ES e e
transform: "% /N j=exp(=iq 1), Sia N - ar eXp(iq - 1)

Heisenberg Hamiltonian, equation of

a4 ¢ 08
otion: 2 =27 > 85:-8; ih—= =[S, /]

Substituting the above Fourier mas gz _ 4

- J Z SiySjzexp(—iq - r;){1 —expliq - (r; — 7;)]}
transforms into equation of motion, { o VN

(i,9)
we obtain a set of equations of

., 0S 44 . .
motion in the momentum space as: ih 8? = _\/—NJ Z SizSjz exp(—iq - ri){1 — explig - (r; — r;)|}.

(4,5)

Fourier transform of interaction J: ~ Jq = »_ J exp[iq - (r; — 7;)] (i can be taken somewhere)
j

el 2[Jo — Jq|SSqy,
Small angle approximation, i.e., 0Sqy

Nearest neighbor approximation: [ hasqm
replace S;, with S: h 9 —2[Jo — Jq|55qa-




Spin wave (ferromagnetic)

These are the equation we obtained in dS,

the last lecture but B: at —[2(Jo = Jq)S + nBle. x S4

(. dSg.
AL = [2(Jo = Jq)S + #B)Sqy

These equation represents precession around hdqu
z-axis (in Fourier space) dt
dsS
h—2=
\ dt

= —[2(J0 — Jq)S + IJ’B]S(].’E)

=0

Hence we write  Sqz + iS¢y o exp|—ieqt/h)

to obtain the excitation energy ~ €q = 2(Jo — Jq)S + uB
Remember the message:

[ Siz = Acos(wot +0;), Siy = Asin(wot + 6;) ]

However for w, we need to consider the spin-spin interaction.



Holstein-Primakoff transformation

Let us consider the quantization of the spin wave.

Spin operator: S lm)

We define up/down operator as: S+ = S, =5
S |m) =+/S(S+1) —m(m+1)|m+ 1)
S_|m) =+/S(S+1) —m(m—1)|m —1)

Then from the properties of spin operator:

This is as If we are treating number states |n).

Let us introduce boson creation/annihilation operators:

“Vacuum’ of the boson:

n-boson state:

Then as is for ordinary boson operators, we obtain:

With number operator 7 = a'a  We can write

. eigenfunction of S, with eigenvalue of m.

vacuum
} )= (10)

{aﬂw%—VWTwD|S‘2
of o Lallng) = /nj+1|n;+1)

1S) (S:=19)
S —n)
1
_ o — = (a4
S,=8—n, )
= Holstein-Primakoff
Sy =V25—-na, o transformation
S =a'\V25—n |




Non-interacting spin wave approximation

In Holstein-Primakoff transformation we have nonlinear terms. — Interaction between the bosons.

R aTa- )
Expand the square roots in Holstein-Primakoff transformation

Then the Hamiltonian is expanded as

A A A A A A

T = —2 Z J/,JJS/,J . Sj = —2 Z JZJ{SMSJZ -+ (SfH_Sj_ + Si_gj+)/2}
(4,5) (,5)
S o 1 1
:—QZJ@- [82—S(ni+nj)+8(a;faj +a}a,~,)+nmj 1 al ;L 1 ;r ;r
Take up to quadratic terms
= -2 Z Jii S — S(n; +ny) + S(a a; + aTaZ)]
(i,7)

a;a;j0; — =Q;Q:0;0; + -



Ferromagnetic spin wave: ferromagnetic magnon

\

M Hamiltoni
Fourier transform of %a = \/— Z ajexp(iq - r), agnon Ramiftontan
creation/annihilation > =—2) J;;S*+2 Z[Jo Jq)Salaq
operators: aq — \/ﬁ Z a; exp(—iq - ) (i,5)
j J = Eo+ Y hwqalag

Substitute these to the approximated Hamiltonian )

Total magnetization: M = p <Z S@-z> = pSN — > (ala;) = pSN — iy " n(eq)
i i q

—1
with Bose distribution function: n(e) = (eXp S 1)

kgT Magnon dispersion

heq = 25(Jo — Jq) = 25J{2 — [exp(iga) + exp(—iqga)|} ~ 25J [2 — 2 (1 -y )} = 2S5J(qa)?

S — C<3) (81%1:9)3/2] ((z) = i % q(g) ~ 2.612

Then we obtain M = uN




Why we have introduced the concept: Magnon?

Low temperature Magnetic

moment: M = pN

3\ [ kgT \*/? > ]
S —¢ (5) (SWBJS) ] () =Y =S (g) ~ 2.612
n=1

. - 5\ [ kgT \*/?
The internal energy is: U = Ey + » n(eq) = Eo + 127 SN( 5 ,
q

= = —Nk —
= BG 2 rJS

Then low temperature specific . oU 15 5\ ( kgT >/
heat is obtained by oT ~— 4

As above, by considering magnons we can calculate low energy excitations and obtain important
quantities.

Magnons: Low temperature model of ferro (anti-ferro) magnets.

10



Spin wave modeling of anti-ferromagnets

Anti-ferromagnet — Decompose into A, B sublattices
A sublattice: we can consider magnon model

B sublattice: Magnetization is reversed

Take the vacuumas  [0); = |—5)

Boson creation/annihilation operators b}, b,

Sj»=—S+blb;, )

Then the Holstein-Primakoff transformis S, = b;‘. \/28 — b;f.bj, A

Si— = /25— blbd;

Quadratic Hamiltonian : 7 = —a,|J|NS? + 2|.J|S Z(a};ai + bj.bj + a;b; + a}fb;f-) ic€A, j€B
(4,9)

11



Spin wave modeling of anti-ferromagnets (2)

\

2 :
_ _ a; = \/NZalep(—zq-ri),
Fourier transformation of q
creation/annihilation operators >

2 :
bj =1/ ~ Z bg exp(—iq - T;)
q
Momentum representation of

the Hamiltonian <% = —.|J|NS? + 2a.]J|S Zﬁai&aq + bibg +7(q) (albl + agbq)]
q

/

with nearest neighbor summation ~ 7(q) = a;' ) exp(—iq - p)
P

But the above Hamiltonian is still not diagonalized. (Néel ordered state is not true ground state.)

Bogoluibov transformation  ag = cosh 0404 — sinh 6, 6:;,
(aq,bq) = (aq,Bq) by = coshf,3, — sinh 9qa:g.

Bosonic commutation relations  [ag,af] =1, [B4, 8l =1, [ag,Bq =[al. Bl =0

12



Spin wave modeling of anti-ferromagnets (3)

H = —a,|J|NS? + 2az|J|SZ[(cosh29q — ~v(q) sinh Qq)(agaq + ﬁgﬁq +1)—1
q
— (sinh 204 — v(q) cosh 204) (g Bq + o::rlﬁ:g)]

Condition for diagonalization: sinh 26,/ cosh 26, = tanh 26, = v(q)

Diagonalized Hamiltonian: # = —a.|J|NS® + 2a.|J|S Y [(v/1—7(q)? — 1) + /1 — v(q)*(alaq + B]B)]
q

Ground state energy: —a,|J|INS? + 2a,]J|S Z[(\/l —v(q)2 —1)

’ q
Neel ordered Energy lowering due to
state energy  hybridization of S, — 1, -+, —S

states
4

(S;~) is shorter than S

2 1 1
How? (S;,) =S — =) sinhf,=85— — —1
’ qu: ’ NZ(\/l—’y(q)2 ) ;

q




Spin wave modeling of anti-ferromagnets (4)

(Sjz)=8—-A Eg = N|J|a,S(S +¢€)
Lattice Square Simple Cubic Body Centered Cubic
A 0.917 0.078 0.0593

€

0.15840.00625—1  0.097+0.00245! 0.073+0.001351

Magnon dispersion
Asymptotic form g — 0

Internal energy

B oos Lz

2 2

Az
— COS — COS

eq = 20| J|Sv/1 — v(q)? ;

€q = 2v/2a.|J|Saq

Simple cubic case (q)

Results

71'2 kBT ?
U=Fy,+—N kT
0+ 75 (zmms) B

Lattice 1D Chain 2D Square Lattice 3D Simple Cubic

Fyq
— 1+0.3635 1 1+0.1585~1 1+0.0975 1

o, |J| N S? i i i
C o1 [ kgT 14.42 ( kgT \° 4\/§7r2 ksT \°
Nkg 3 \2a.|J|S T 200, |J|S 5 \2a,|J|S
AS Diverge 0.197 0.078

14



Specific heat of an organic anti-ferromagnet

rk-(BETS),FeBry Anti-ferromagnetic Ty : 2.5 K Normal metal specific heat: C,, = AT + BT"

Superconducting T, : 1.1 K

40 ' | ' |

—
k-(BETS),FeBr,]

BETS layer FeX, layer
nelectron  3d electron (S=5/2)

Fukuoka et al., PRB 93, 245136 (2016)



Spontaneous Symmetry Breaking and Nambu-Goldstone mode

T > Tc T < Te Spontaneous symmetry breaking

Nambu-Goldstone theorem

= - _N{O Mo - When a spontaneous symmetry
M () - M breaking takes place, a mode with zero
energy at long wavelength limit
F appears.
\\\\\\\\ "g‘, ,' h’,,’,’,’,’,’ i Vo

__-"”

I
,0 g 0 0 massless

Nambu-Goldston mode
(Nambu-Goldston boson)

Magnons in the case of ferromagnets
(type-B) and anti-ferromagnets (type-A).

16



Generalization of Nambu-Goldstone theorem (column)

Nambu-Goldstone mode, Higgs mode — Birth of particle mass; Standard theory of elementary particles
The theories based on the principle prevail all over the physics.

However, there still have been many open questions!

An example: According to the primitive statement, the number of NG mode should be the same
as that of broken symmetries.

Broken symmetry Number of NG modes Number of broken
symmetry

N-G theorem X
Crystal Translational symmetry 3 3
3D Ferromagnet Rotational symmetry 1 2
Spinor BEC Rotational symmetry 2 3
Skymion crystal Translational symmetry 1 2

Extended theorem (2012) : ' — Y — rank <[Qa, Qb]> /2

Watanabe, Murayama PRL 108, 25162 (2012); Hidaka PRL 110, 091601 (2013); Hidaka, Minami PTEP 2020, 033A01




Magnon dispersion relation measurement in Mnk

Neutron time-of-flight (TOF) measurement

jﬁnt e Bn
electron moment

neutron inelastic
scattering {

B, = rot (un X

Frequency (THz)

2.0
(@) MnF,

1.5 F

1.0 F H, (kOe)
—0

0.5 B 70
— 70

00 1 L | L 1 1 | L

00 0.2 04 06 0.8
Wave number kxafn:

Calculated dispersions of anti-ferromagnetic magnons in MnF, and FeF..

1.0

h2

AF = —

2M

Frequency (THz)

hk — h(k — q)

(—2k - q + q*) energy loss

3.5
3.0
2.5
2.0
1.5
1.0
0.5

0.0 — :
00 02 04 06 08 10

I o
-__%:0
: H, (kOe) == 300

[ — 300

Wave number kxa/n
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Magnon dispersions in metallic ferromagnets
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Bose-Einstein condensation of magnons

Magnons: not completely bosons (para statistics) however can be treated as

“hard core” bosons
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Magnon (spin wave) resonance in thin films

N = CoFe Nano dISk
SWR 5 3 l [a) = ; R= 1ooo nm 4/\/\/\/ 2+
—_ 3 L x1 [
= ‘ ‘ s -1 L t + + : : ; ] = 101
\{.‘i "‘E 0.R=700nm '\/\/\% 5.“;0_3..
Ay | S SN - S|
T s 1f ' ! ] B
= L ©
0 -\ I
% g ™ R =500 nm £ 0'4_
2 - ; : - — 3 02l
s b : == 0.0 3
& al . . . _ R= 400nm
4.73 4.75 12 13 14 15 16 17 18 13.0 135 140 145 150 155 16.0 16.5
H (kOe) Magnetic field, H (kOe) Magnetic field H(kOe)

Kajiwara et al., Nature 464, 262 (2010) (b) (d)

[ R =300 nm _ ]
b x15 T )
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Spin wave resonance in a thin film

B 2Ak? A G
m_bD Am Mg + - " . A R=150nm]
y o Ms Mm

7T t + + t + t t
L — P

Power absorption derivation (a.u.)

T p : odd number, F'IX|I15° |||‘ R =100 nmj
o, S?J A e

L : film thickness A = s 10 11 2 13 14

Magnetic field, H (kOe) Radial profiles of standing spin-wave modes

a

Kittel Phys. Rev. 110, 1295 (1958) Dobrovolskiy et al., Nanoscale 12, 21207 (2020).
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Real space imaging of magnons
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Gruszecki et al. Sci. Rep. 6, 22367 (2016)

YIG NV center ESR detection of magnon fields
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Bertelli et al., Sci. Adv. 6, eabd3556 (2020).
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Spin wave (classical) in a ferromagnet
Quantization of spin wave (magnon)
Magnons In an anti-ferromagnet

Magnon approximation for weak
excitations in ferro- and anti-ferromagnets
Nambu-Goldstone mode In phase
transition

Experiments on magnons






Review

» Spin wave (classical) in a ferromagnet

» Quantization of spin wave (magnon)

» Magnons in an anti-ferromagnet

» Magnon approximation for weak excitations in ferro- and
anti-ferromagnets

» Nambu-Goldstone mode in phase transition

» EXxperiments on magnons



» Ferromagnetic and Antiferromagnetic resonance
» Spin wave resonance

» EXperiments on magnons

» Scaling relations

» Renormalization group

» Derivation of scaling ansatz



BEC of quasi-equilibrium magnons at room temperature
Demokritov et al., Nature 443, 431 (2006).

To interferometer

Jase| WoJi4

Frequency (GHz)

: ’//'/////'////{////'//}'A '///{////'/////'////{// "

-108 10 -102 10° 104 108
Wavevector (cm~)

o —

/J / \
Microstrip resonator

YIG film
0.020 : : ; r
O,
L u=0 4
(v, - 1)/kg = 101 MK
— 0.015}- _
)
(2} L E
€
3
8 o010} -
Ey
7] | i
C
Q
€
= 0.005|- -
0.000 -2 I , — N0 o
3 4

Frequency (GHz)

Intensity (counts s-1)

Intensity (counts s-7)

0.28

0.21

0.14

0.07

0.00
2.0

1.5

1.0

0.5

0.0

- . 0.8 : - v
t=200ns A .b r =300 ns
(v, = kg = 2.5 mK o (v, —uVkg =0

- 0.4
- 0.2}
0.0 o | T .
4 2 3
- - ,

Intensity (counts s7)

1.000

0.100

0.010

0.001

Frequency (GHz)

2.8 T
I d 2.8
421k 21
1.4} .
<414+ 0.7F
0.0 -
3 4
— 0.7 —
r=500ns
0.0 - “t
4 2 3

Frequency (GHz)




Ferromagnetic resonance

J

Freeenergy: 7 = \;M;-M; - MK, ;M;—-> M;-(H-N>» M, |,
) 1,7 ) ]

In case of ferromagnetically " 5
ordered state: = - AM"+ M -KM-M-(H-NM)

Anisotropic field Zeeman Demagnetizing field

Effective field otherthanH: Heg =AM — (K + N)M

Kinetic equation of macroscopic 1 dM _ M x (H — KM — NM) v+ gyromagnetic ratio
moment:  ~ dt

When the anisotropy is uniaxial
: — H+ (K, —-—K,+ N, —N,)M)(H — K. — N,
the shape of the sample, the “ 7\/( + + JM)(H + (Ky — K. + Ny — N;)M)

magnetic field are on line:



Antiferromagnetic resonance

Effective field for two magnetic sublattices (1,2) :

H. 5 = - \M>;+K{ 1M, +Ki oMo+ N(M; + M)
H g = —\M; + Koy M1 +KooMs +N(M; + M)

In the case of antiferromagnet:

Anisotropy tensor:

Assumption: Anisotropy energy %4 is uniaxial.

Anisotropy tensor:

Resonance frequencies:

Critical field of spin-flop transition:

When the anisotropy is small:

M, =—-M,  No demagnetizing effect!
Ki1 =Ko, Kio =Ky
K

Fp = —71(COSQ 01 + cos®0y) 01, Oo: angles to My, M,
K,

K., =— , (others) =10

= = V2K, + (K /|My))2 + H, H < H,,

~

Yt — /B2 - 2)\K, H > H.

Y

H. =+/2\K,

Yt _ 2N\K,+H, H<H.
;



Spin wave (Magnon) resonance

. . . . 25J
Ferromagnetic spin wave dispersion relation: wr = vH + T(ka)2
Standing wave condition: ;. _ %’ n=1,2,
—y T

SPIN WAVE RESONANCE SPECTRUM

RELATIVE ABSORPTION

| S ]
11000 12 000 13 000 14 000
MAGNETIC FIELD

Seavey, Tannenwald, PRL 1, 168 (1958).



Magnon (spin wave) resonance in thin films

N = CoFe Nano dISk
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Real space imaging of magnons

SN

1§0-0

o
Magnetization

©
=
o
o
S

o 1

o
(=)
N
8]
w

o 1 L 1 .o 1L
Lo o N
poh [MT]

5.0 2.5 0.0 25 5.

x [pm]
d — o
(d) = 2
£
Ea 1 Ib
" : -5 - '
| el e .
-5.0 -2.5 0.0 2.5 5.0

Gruszecki et al. Sci. Rep. 6, 22367 (2016)

YIG NV center ESR detection of magnon fields
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Section 5.10
Renormalization group and scaling theory of phase transition

Kenneth Wilson Jacques Friedel Jun Kondo
1936 - 2013 1921 - 2014 1930 - 2022

1982 Nobel prize



Correlation function

Magnetic moment (local) density : m(r)

: b
Free energy density: f(m(r,Vm(r)) = fo + %mg + Zm4 +c|Vm|? -

Free energy functional: . {m(r)} = / dr' f(m(r"), V'm(r"))
|%4

Partition function: 7 — /Dm('r) exp{ k T ] fDm
B

- | o 1 F{m(r)}
Probability density of realization of m(r) : p{m(r)} = 7 P T T T

. functional integral

7 {m('f‘)}]

1
Expectation value of physical quantity A (A) = - / Dm(r)Aexp {— —
B

Temperature dependence assumption: a = a(T' —T¢) (a >0), b= const. (> 0)
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Correlation function (2)

O eameter flucuation. 9(r) = ((m(0) = (m(0))(m(r) — (m(r)))) = (m(O)m(r) = (m(0) (m(r)}
The secondterm =0 for T > T¢

Fourier representation: (r) = \/LV ka exp(ik - ) m_g =m
k

Because (my + m_p)(mpe™ 4+ m_pe” ") = 2lmy|%e”*" 4 2lm_ |2t
T 1 2 .
And from translational invariance: g(7) = % Z (|mp|*) exp(—ik - )
k
b
Freeenergy: % =V fy + Z |2 (% 1 ckQ) + Z Moy Mok, Moy Mk,
ke ki+ko+k3+ks=0

Ignore 4th order

1
Weight function: — exp

A
plm(r)} =  exp [_ 7 {kfgp}l

2 /a r)2 )2
T 2 (g + o) (i 4 m)) )]
k

Sum over independent k Re[mg] =m”, Im[my] = m}’

12



Correlation function (3) Scaling relations

/ .
: ks T . /OO e~"®T Pk kpT exp( r/f [2¢
1IRT — k T
Finally - 9(r) % Z @+ 2ck2* 5 o 2ck?4a(27)3  8nd &=

Yukawa type function Correlation
Exponential decay + (1/r) length

T <lIc g(r) = (m(0)m(r)) differs fromg(r) r — oo

Appearance of long range order

Scaling relations temperature ¢ = (7' — T¢)/Tc magnetic field h

Specific heat :  C ~ [t|77,
Magnetization (order parameter) : m ~ |t|® (¢t <0)
Critical exponents: m ~ h'/°  (t =0),
Susceptibility :  x ~ [t|77,
Correlation length : & ~ [t|™"

13



Scaling relations

exp(—r/§)

r)~ L

d : dimensionality

GLtheorygives «a=0, 8=1/2, yv=1, §d=3, v=1/2, n=0

Y = (2 o T])Va
Scaling relations: { a+28+v=2,
B+~ = pbo.
B

Scaling ansatz: Critical behavior is described by a single relevant parameter. e A: Gap exponent

Free energy expression: £, ~ [t|2~% f4 (%)

afs —— !
m(h = 0) ~ =2~ i A FL0) ~ 1P (< 0)
82f —a—2A g1 —
XN—WNWQ 22 rEO) ~ JE 77
0=2—a—A

. A:
y=2—a—-2A b+

14



Scaling ansatz and scaling relations

Then we assume the asymptotic form: fi(z) ~ 2%

. - / h hA:t
From the scaling relations: m ~ [t|” f/. (W) ™ t[Are—B

p

For mto be finiteatt - 0: \p = — =

. 5+
A %i’)/ Compare with m ~ h'/° then 0= T’Y

Hyperscaling relation: 2 — o = dv

15



Directions of spins are limited to z T = —.J Z SZ-SJ- —h Z S; Solution: 1d Ising, 2d Onsager

(4,7) v
Model (Universality class) e B y )
2D Ising 0 1/8 7/4 15
3D Tsing 0.115 0.324 1.239 4.8
3D XY —0.01 0.34 1.32 4.9
3D Heisenberg —0.11  0.36 1.39 4.9
wt  Mean field approximation 0 1/2 1 3

https://www.youtube.com/watch?v=kjwKgpQ-11s

o0 S0 1200 T600 000
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Renormalization group

2D square lattice Ising model

>
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Four spins are averaged and coarse-grained to a single spin.

1

Renormalization group transformation of scaling
factor 2.

Renormalization group
transformation of scaling factor xas R(z)

Ordinary no inverse element: Semigroup
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Flow diagram

R(x)  X:continuous variable

@K A
\/O\/
\\ k\ Renormalization group transform — changes system parameters
JB/}/ Continuous movement of the system in the parameter space

4

Flow diagram

Flow diagram Complete order, complete disorder: the parameters do not change

EE—) Stable fixed points

Just on the critical point: Unstable fixed point

18



Derivation of scaling ansatz

t: Temperature, h : Magnetic field
t'=g" (t,h)

Renormalization group transform with scaling factor x (2)
h, — g2 (t’ h)

tl ~ All(CC)t + A21 (CC)]’L,

Expansion around the unstable fixed pointt=h=0 {
p p h, ~ Agl (Qﬁ)t + A22 (ZE')]'L

Symmetry difference between t and h. h is reversed by reversing the magnetization but t is not.

Then they cannot have linear relations:  Aj5(z) = Asi(z) =0
(A11(2))" = A (a"),  (Aa(x))" = A (z")
This should hold for any x >1, natural number n

Then Aii(x), Asa(x) should be power functions of X.

19



Derivation of scaling ansatz (2)

Hence we write  Ajq(z) = 2™, Ag(z) = 2™

Let us consider the case of starting at (t, h).

n-times operation of RGT with SF x System temperature o = "t s far from the critical point (assume)

—1/\
Correlation length $(t) — " = (i)
&(to) to

Remember & ~ |t|™" v=A"
In a d-dimensional system, f(t, h) becomes x¢ times of the original.
2"t h) = fla™t, 2™ 2h) = f(to, (t/to) 2/ M h)

Hence by some function f(x) we can write

F(th) = 92 fo (g2 M p) = 1 £, (%) A2

20



Chapter 6

ltinerant Electron

Magnetism of
Systems
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Summary

» Ferromagnetic and Antiferromagnetic resonance
» Spin wave resonance

» EXxperiments on magnons

» Scaling relations

» Renormalization group

» Derivation of scaling ansatz
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3

» Magnon condensates, Magnonics

o»
0

[=—=-—-—-

1
Coarse graining s = — Z Sqi

R
G s
BRI

<
—»

r=—-—-—|-

Flow diagram
Stable fixed point: Extreme conditions

k A
O
\/ YI/ (\ H' = R(x) A System transition in a parameter space
) L]
y/a

Unstable fixed point: critical point

t' = g{")(t, h)

Renormalization group transform with scaling factor x (2)
h, — 92 (t, h)

Renormalization group equation



Chapter 6 Magnetism of Itinerant Electron Systems

» Ferromagnetism in Electron gas

« Hartree-Fock approximation
« Diffusion Monte-Carlo calculation

» Hubbard model: mean field theory

« Hartree-Fock approximation: Stoner criterion
« Magnetic susceptibility

» Magnetism in 3d transition metals

 Slater-Pauling’s curve
 Density of states by APW method
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Periodic table of the elements

Periodic table of the elements

[] Alkali metals [] Halogens
8 group [] Alkaline-earth metals [_] Noble gases
E L [] Transition metals [ ] Rare-earth elements (21, 39, 57-71) L
1 1 B Other inistals and lanthanoid elements (57-71 only) 2
H 2 13 14 15 16 17 He
3 4 [[] Other nonmetals [] Actinoid elements 5 6 7 8 9 10
°| Li | Be B|C|N|O|F|Ne
11 12 13 14 15 16 17 18
I Na|[Mg| 3 4 5 & 7 2| A|si|P|s|cl|Ar
19 20 21 22 23 24 25 30 31 32 33 34 35 36
4 K | Ca| Sc | Ti V | Cr | Mn Zn | Ga [ Ge | As | Se | Br | Kr
37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54
? Rb | Sr Y Zr ([Nb | Mo | Tc | Ru | Rh | Pd | Ag | Cd | In [ Sn | Sb | Te | Xe
55 56 57 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86
°®/cs|Ba|La|Hf |Ta|W |Re|Os| Ir | Pt |[Au|Hg| TI [Pb | Bi | Po | At | Rn
87 88 89 104 |105 (106 |107 (108 (109 (110 (111 (112 |113 (114 |115 (116 |117 (118
! Fr | Ra | Ac | Rf |[Db (| Sg |Bh |Hs | Mt |Ds | Rg |Cn | Nh | FI [Mc | Lv | Ts | Og
terbarl eres 6 58 |59 |60 61 62 (63 64 (65 |66 67 68 |69 70 71
Ce | Pr I Nd |Pm |(Sm | Eu ([Gd | Tb | Dy | Ho | Er [ Tm | Yb | Lu
P 90 91 92 93 94 95 96 97 98 929 100 (101 |102 |103
Th (Pa| U [Np| Pu|[Am |Cm | Bk | Cf | Es [ Fm | Md | No | Lr

*Numbering system adopted by the International Union of Pure and Applied Chemistry (IUPAC). © Encyclopeedia Britannica, Inc.



Hartree-Fock approximation for ferromagnetism in electron gas

Hartree-Fock approximation: A way to treat electron-electron interaction (correlation) in mean field theory.

Let us consider an N-particle system Single-particle wavefunctions Pk1>Pkas " 2 Pk
Many-particle wavefunction fulfilling ;| TR (@1) - Prx(T1)
particle exchange statistics- @ = TN : = :
Slater determinant: o (zN) 0 ory ()
: . x;. all freedoms of a single particle
Assumption: Hamiltonian =", _ i g 4 ol ‘ P
single body + two-body: 4 ‘ 7 : _)U T &
j= 0]

Expectation value of the total energy: )y — (@, #D)

Hartree-Fock approximation = minimize Y in variational method on {¢x; }




Hartree-Fock approximation (2)

Constraint — Orthonormal basis:  (ki|k;) =

(1) Directintegral 1y — (ks BlES) + S [(kik; o] ik bk ol &
and (2) Exchange integral: Z 7] gj:) ll) j) = ! J|(2|) jki)l

We apply the method of Lagrange multipliers.  Consider the quantity: W — Z Nij (kilk
(2,9)

Extremals condition for the variation of {¢} } hek, + > _[(kilvlki) er, — (kilvlk;) Z)\zgﬁ%
=1
N
Density matrix (definition): p(x,2") = Z O, (@) ok, (z)
1=1

We further define  vert(z) = /dm'v(ﬂ%iﬂ')P(ﬂ?'a«fE), A(z)p(z) = fdw,v(icaic')so(m’)ﬂ(w'afﬁ)

Then the extremal condition is  [h(z) + ver(x) — A(x)]pr, (x Z i Pk, (



Hartree-Fock approximation (3)

N
[B(z) + vest (z) — A(z)] ok, (2) = Y Aijor, (z)
1=1
O
We take ¥k, for an eigenfunction of operator @ [2(x) + verr(z) — A(x)] ok, () = €k, @r, ()

Then taking N of eigenstates with the lowest eigen energies, and make the Slater determinant from them.

4

Hartree-Fock ground state

Operator © dependson {¢k,} mmm==)  Self-consistent equation

[ [h(x) + vegt () — A(x)]r; (x) = e, 0x;(x)  Hartree-Fock equation ]




Magnetism in jellium model

‘ ‘ ‘ ‘ - = Jellium model

—e
_ —e
Electrons in a _° Y s ° e
attice botential _a @ o S . ¢ © Electrons in a uniform
P - 0 o8 e c ©° 5 . background
O —_ —

‘_e‘ ‘—e‘ D8 p=te/ S

Jellium model ground state of non-

— T
interacting electrons vy = ][ <0
E(kag)SEF
1
iltonian with i ion: P
Hamiltonian with interaction: % = Zekckockg T > VgChsq.0Chi —q.0Ck' o Cho
k.o k,k',0,0",q#0
_ 2k’ B Amre?
k= 2m Uq o q2

System parameter: Averaged particle 1

3 1/3
distance measured by Bohr magneton:  7s = an [4W(k%/37r2)]




Magnetism in jellium model (2)

In the jellium model, plane waves are already the self-consistent equation. Then the plane wave states that
minimize the energy is the solution of HF approximation.

N
Remember W =Y (kjlhlk;) + > [(kik;|vlkik;) — (kik;|v|k;k;)]
j=1 (2,9)

Kineti lect 1 Z 2V A3k h2k? 3 h2ki 2.21R
. €ke — = €ENies — — ng = 7~ —

Inetic energy per an electron ke = 77 C_ kT N | @0? 2m =10 m 2 y
No direct integral term (Hartree) due to the charge neutral condition in the case of jellium model.

1 ; 1
Exchange energy per an electron:  €ex = TONV Z Vg (V|Chtq,5Chtq,5ClsChs |Y) = NV UgNk+qMNk

kaq#oas k:S
o 3e? k 0.92
Integration gives  €cx = A Ry
4 T

o 2.21  0.92
Hartree-Fock energy is given by  énf = ( 2 )RY



Magnetism in jellium model (3)

Ny
Magnetic polarization: =
J P b NT -+ N¢
52 3(67T2)2/3h2 5/3 5/3 3(67T2)2/3h2 5/3
Bie(p) = g5 5 (kg + ki) = S0 ——— (03" 4 n]?) = S 070 — (1= p)Png?,
362 6 1/3 4/3 4/3 362 0 1/3 4
_ 2 [P _ 2 (2 /3 _ (1 — p)4/31,4/3
Balp) == (2) "4 =2 (2) b - (- e
AFE = [Eye(1) + FEex(1)] = [Exe(0.5) + FEex (0.5)]
AFE <0 Ferromagnetic state is the ground state
Table 1.1
rs > 5.4531 FREE ELECTRON DENSITIES OF SELECTED METALLIC ELE-
ﬂ MENTS*
Taken from Ashcroft-Mermin
22 3

Overestimation of ELEMENT VA n (10°“/cm”) rdA) riag Solid State Physics
the stability of Li (78 K) 1 4.70 1.72 3.25
e stability 0 Na (5 K) 1 2.65 2.08 393
ferromagnetism K (5K) 1 1.40 2.57 4.86
Rb (5 K) 1 1.15 2.75 5.20

1

Cs (5K) 0.91 298 5.62 n



Correlation energy

In a realistic electron gas, the electrons keep away from each other lowering the Coulomb energy
even between ones with the opposite spin directions.

‘ Difference from the HF interaction energy:  Correlation energy

e Phase diagram by diffusion Monte-Carlo
2.5 . method
§ 2.0 — 70 <rs <90
Eﬁ Polarized Fermi fluid
g 15 Metastable Huge deviation from 3d metals
N DN Bose fluid
1.0 - e
° 7
Unpolarized
05 Fermifluid _ -
Wigner crystal
o 40 80 120 %0 200 Ceperly, Adler, PRL 45, 566 (1980).



Hubbard model

Two-site Hubbard Hamiltonian

General Hubbard Hamiltonian

Fermion commutation relation:

3d transition metals: 3d4s open shell

(1) 3d: Tendency to localize
(2) 4s: Delocalize, light mass — screen long range Coulomb interaction

I =1 Z (aiaazg + Gggala) + U(nipnay + napngy )

o="TJ
N
A= tijel,cis +U > iy
1,7,8 i
(1) » Hopping On-site Coulomb « (2)

{CT Cis’} — 5113'583’

18"

In the present case, this Hamiltonian only acts on d-electrons explicitly.

13



Hubbard model (2)

N
Hubbard Hamiltonian 7 = Z tijclaCis + U > fupi

3.7?

1 iR; -k 1 ik-(Ri—R

. . - i o (R, —R;)

Fourier expansion  ¢;s N > eBikag,, ty ~ > ere
k k
2 . : .
ki-(Ri—R;) —iks-R, ks-R, _
Z tijc;-rscjs = Z Nz Z €, € " ( i) e~ a;;ﬁez 3N Qs = Zeka;rcsaks
(iﬂj>ﬂs iﬁjﬂs klka:kS k,S
Tendency to localize but still itinerant Itinerant electron system

I = Z ekaksaks +U Z Nt
k,s

14



HF approximation in Hubbard model

Local magnetic moment, electron  ,,, — (ny) —(ny), n={(ng)+(ng)
number (per site)

~ U Y (g} Ay + (Ay) ir) — NU (nq) (ny) l
NUZ Fluctuation term:
Take average — = T(nz —m?) ﬂ dropped in HF

approximation
Moving in the averaged field
of opposite spin

Hap =Y (e + U (n_s))ngs — NU (ny) (n)

k,s
T, = s==+1 (’ns>:%(n+sm)

15



HF approximation in Hubbard model (2)

Hd—=s=+1 (ns)=s(n+sm) > fes = N({ny) + (ny))  averaging

Har = Y (e + U (n_s))ngs — NU (ny) (n,) Hap = (Ek - SUm) ks + %(nz +m?)

Total energy: g — 3" (ek B SUm) N E(nz +m2)

Ers <p —— Energy shift by magnetization

Spin-dependence of Au > Difference in the numbers of 1 electrons and | electrons

should be consistent with m
16



HF approximation in Hubbard model (3)

Self-consistent equation ~ m = 2%(Er)Ap = Z(Er)Um U%(Fp)=1  fornon-zerom
Density of states

Increase in the Kinetic energy by
spontaneous magnetization

Decrease in interaction energy
by spontaneous magnetization

AF <0

2

2 m -
P (Er)(Ap) TS I
285 |5 -0
—NUm?/4 3
UY(Fr) > 1 Stoner condition

For ferromagnetism to take place, the Coulomb energy should be larger than the band width.

(Still has a problem of overestimating the Coulomb effect in the case of anti-parallel spins.)

17



Magnetism In 3d transition metals

_ 24 |25 27 29 |30
Elementary ferromagnetic metals cr | Mn Co Cu | Zn

structure lattice Tc Mg K4 Ag e P
/density parameters (K) (MAm~—1!) (kJm=3) (1079 (%)
(kgm—?) (pm)

Fe | bcc 287 1044 1.71 48 —7 1.6 45
7874

Co | hep 251 1388 1.45 530 —62 8.0 42
8836 407 (fec)

Ni | fcc 352 628 0.49 —5 —34 44
8902

From D. Coey in Materials for Spin Electronics, Springer 2008

18



Magnetism of 3d transition metals: Slater-Pauling’s curve

Magnetic moment per atom m [p_]

2.5

2.0

1.5

1.0

05F

L bcce
[ localised .%?4*
- ® Heusler w

*  FeCo

A  FeCr

v FeV

‘ Co MnSi
(khhdnAJ A
COZCrGa

fce

itinerant ]
*  FeCo ]
© FeNi
+  NiCo |
»  NiCu ]
A CoCr 1
v NiCr A

0.0 [

7 8 9
Valence electrons per atom 7,

Balke et al., Sci. Technol. Adv.
Mater. 9, 014102 (2008).

27 28 29
Co | Ni | Cu
Hdll.‘l____.*sl

Slater-Pauling’s curve

Experimental data are in line.
The gradientis +1 !

Abrupt change around Fe



APW method to calculate DOS

Holr) = | =50+ V()| o(r) = Eo(r
Va(r) (spherical) (r <re)

in-ti ial: V(r)=
1 Muffin-tin potential: V' (7) {Vo (= Val(re): const.) (r > rc)

2

Hartree: Vd(r)=Z<¢z( ol

1

bi(r"))

=

3\ 1/3
Exchange: v, = —3¢2 (4_) pr(r)1/?
T

Zl,m Alle (T)lem(gj QO) r < re,
Z?{Y:O B’n exp[z’(k + Kn) . ’I’] > T

4

Iteration for convergence for each k

Variational wavefunction: &..(r) = {

20



Density of states in NI and Fe

{ SPIN STATES/ATOM Ry)

E -
o
1

30 +

20 .

Major

Ni

full

L:\
A 7 ENER(iY (Ry)

20 1

301

404

[

hole

40

30

—

FERROMAGNETIC Fe

S2
TOTAL DENSITY OF /

STATES, Ry’

hole |

1 i 13 T F‘-ﬂ-‘

W“"‘

hole -

. Major ]

i ENERGY, Ry —» i
S2

-080 -060 -040 -020 000 Q20 Q40 060
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Fermi energy “locking™ around a valley in density of states

Enhance particle number

__

Decrease particle number

_

Needs large kinetic
energy

Er

Enhance In

occupied states

22



Summary

Chapter 6 Magnetism of Itinerant Electron Systems

» Ferromagnetism in Electron gas

 Hartree-Fock approximation
o Diffusion Monte-Carlo calculation

» Hubbard model: mean field theory

» Magnetism in 3d transition metals

 Slater-Pauling’s curve
* Density of states by APW method
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Review

Chapter 6 Magnetism of Itinerant Electron Systems

» Ferromagnetism in Electron gas

» Hartree-Fock approximation
* Diffusion Monte-Carlo calculation

» Hubbard model: mean field theory

« Hartree-Fock approximation: Stoner criterion
« Magnetic susceptibility

» Magnetism in 3d transition metals

 Slater-Pauling’s curve
 Density of states by APW method



» Magnetism In 3d transition metals

 Slater-Pauling’s curve
* Density of states by APW method

» Kubo formula (linear response)

» Fluctuation dissipation theorem

» Random phase approximation (RPA)



3d and 4s electrons In 1solated transition metal atoms

3d

T
Fl

4s A
1
— 4s
— A\
T ZE=—=3d
A 4
K Ca Sc Ti

Radial wavefunction

- [4s) oc Rap(r) o exp (

r
40{3

L [3d) o Raa(r) o (%)2@ (—ﬁ)

n eff

4+ OOOO(I%JO Ocpoooo Orbital:

Z

A
3 -
_ %AAO ﬁi@Q\Q 3
5s \'
O
“Mans An
O QI)
AAA
Valence: %IXUIIX) 5 5
1s2s  2p3s 3p4s 3d4s 4p5s 4d5s
—L — i ' r ' T
0 10 20 30 40

50



3d and 4s electrons In 1solated transition metal atoms

34 bce a-Fe

i
2.86 X 1071%m =5.4a,

T
ﬁH”“

4s
4s
— A\
N - 3d E A
v
< e o . ﬂ s-electron?c,
Minor Major
Radial wavefunction S El:e_lectrons
r
- 14 R —
14s) o¢ Ryp(r) ox exp ( 4CEB)
- i ) )
L |3d) x R3a(r) (7"—> exp (—37) < >



Magnetism of 3d transition metals: Slater-Pauling’s curve

Magnetic moment per atom m [p_]

2.5

2.0

1.5

1.0

05F

. bcce
[ localised .%?4*
- ® Heusler w

*  FeCo

A  FeCr

v FeV

‘ Co MnSi
(khhdnAJ A
COZCrGa

fce

itinerant ]
*  FeCo ]
© FeNi
+  NiCo |
»  NiCu ]
A CoCr 1
v NiCr A

0.0

7 8 9
Valence electrons per atom 7,

Balke et al., Sci. Technol. Adv.
Mater. 9, 014102 (2008).

27 28 29
Co | Ni | Cu
Hdll.‘l____.*sl

Slater-Pauling’s curve

Experimental data are in line.
The gradientis +1 !

Abrupt change around Fe



APW method to calculate DOS

A (r) = [—;—mVQ + V(,,.)] o(r) = Eo(r)
Va(r) (spherical) (r <re)

Vo (= Va(re): const.) (r > re)

- 6’\ ¢
- \ | Hartree:  Vi(r) =) (¢i(r)] r _2,rf| 0:(r7))

‘ Muffin-tin potential: V' (7) = {

1

R
f{ ;

1/3
Muffin-tin potential Exchange: v, . = —3¢2 (E) pr(r)1/3

Zl,m Alle (T)lem(gj QO) r < re,
Z?{Y:O B’n exp[z’(k + Kn) . ’I’] > T

4

Iteration for convergence for each k

Variational wavefunction: &..(r) = {



Density of states in NI and Fe
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Explanation of Slater-Pauling’s curve (1)

Magnetic moment per atom  m [p ]

2.5

20

1.5

1.0

05F

0.0F

T

[ bee e
[ localised _.%rel "
- m Heusler Ve *
*  FeCo
A  FeCr
v  FeV

¥ Co MnSi
COZMIIA] A
Co,CrGa

fce

itinerant

*

4 P X + 0

FeCo ]
FeN1 -
NiCo |
NiCu ]
CoCr 1
NiCr -

7 8 9
Valence electrons per atom 7,

40 A

30 4

20

(SPIN STATES/ATOM Ry)

; ENERGY (Ry)

20 A

B .
301

40+

Case of Ni
3d T : full 5 electrons
3d | : 4.4 electrons

Increase of electrons — filling up the holes and
the magnetic moment decreases

Decrease of electrons — opening holes in 3d |
and the magnetic moment increases



Explanation of Slater-Pauling’s curve (2

Magnetic moment per atom  m [p ]

2.5

20

1.5

1.0

05F

0.0F

T

[ bee

A fce

[ localised | ,OfiTe' X itinerant ]
m  Heusler Ve * *  FeCo 1

*  FeCo o FeNi -

A FeCr + NiCo |

v FeV . »  NiCu ]

| Co FeSi A CoCr ]

¥ Co MnSi v NiCr

COZMIIA] A
CozCrGa

7 8 9 10
Valence electrons per atom 7,

FERROMAGNETIC Fe 52
TOTAL DENSITY OF 1

{a)

40 r

30 |  STATES, Ry'

T

I ENERGY, Ry —» |
40 s2

50

-080  -060 -040 -020 000 020 040 060

Case of Fe 34 | : 2.5 electrons
3d T :4.7 electrons (not full, hole exists)

Increase of electrons — filling up the holes in T
and the magnetic moment increases

After complete filling up of T — filling up the
holes in | and the magnetic moment decreases
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Magnetic susceptibility in HF approximation

Magnetic moment: M = Z£B D [nir) — (nay)] = IHB > ni-

2 - 9 z
Magnetic susceptibility per atom: _ M gusn-
J ptibility p . X=Np= 5 g
' ic fi _ 2 giB
Electron energy in magnetic field: Ep = E(0) + Eon® — NTBn_
1 d*(AE) _ NT m2 ;
where  FEay = — AF — U
2= 5T a2 with 1 [@(EF) m

This should be positive for the appearance of ferromagnetism. (remember GL theory).

2
N
Then minimization of Ez should given_as x = (9/«;127)
2
. i (9B 2 -@(EF) . XPauli(a)
We finally obtain x = ( 5 ) 1 —U2(Er)  1-U2(Er)

Stoner factor 1



Temperature dependence of susceptibility in HF approximation

By using the identity for degenerated w2 dlog P(uo) (ksT
L M=o |1+ + .-
Fermi gas: 6 dlog ug 140
7T2Dl
we write 5[,L = — 6DF(kBT)2 d@(E)/dE|E:EF — D%
F

o 2 D’ )2
By defining A — ©~ (Dg
y defining ) ( o

guB

oy

9(Er)

Susceptibility with temperature correction: x = (

C
) X:T2—T§

2 ) 1 - UZ(Fr) + UA(kpT)?

This is not Curie-Weiss observed in experiments.

12



Kubo formula

Dynamical response to magnetic field I + Hoxi (L)

Time-dependent perturbation

dp
ot N
Single body density matrix: p(z,z’) Z P, (T

Heisenberg equation of motion ih—— = [ + Hgi (1), p(1)]

. . 1 o
Initial condition: ¢ = —oo P(—00) = peq = e G
0 B

Unperturbed system partition function:  Zo = Trlexp(—7%4/kT)]

Then the density matrix should satisfy (see lecture note for the calculation)

where th J s

Uo(t) = exp (fi: t) = Peq T zii / dt' Uy (t — t")[ Aokt (1), p(t’)]Uo_l(t —t)

p(t) = peq + - / dt'[Uo(t — ') Haxs (1)U (t = t), Uo(t = t)p(t")Uq * (¢ — )]

13



Kubo formula (2)

For linear response we can replace p(t') — peq made of eigenstates of unperturbed Hamiltonian

. 1 /[ -
Then we can write  p(t) =~ peq + - / dt' [Ug(t — t") s 8 Uy (£ — ), Pog]

External field ex:(t) = —PF(t)

U

Expectation value of general physical . B 1 , o ,
quantity O (@) = Tr{p(t)Q} = (Qeq) + — f_ . dt' ([P, Q(t — ")) F(t)

where (Qeq) = Tr{peq@}, Q(t) = UO(t)_lQUO ()
([P,Q(t —1t")]) isapureimaginary.
Field with frequency ® F(t) = Fy cos(wt) = Re[Foe ™ ™"]

Definition of susceptibility y(w) AQ(t) = (Q(t)) — (Qeq) = Re[x(w)Foe "]

1 /[ -
We can equalize this with AQ(t) = = / dt' ([P, Q(t — t)]) Re[Fpe™"" ] .

(4

— o0



Kubo formula (3)

Definition of susceptibility y(w) AQ(t) = (Q(t)) — (Qeq) = Re[x(w)Fpe "]

1 [t o
We can equalize this with AQ(t) = z_ﬁf dt' ([P, Q(t —t')]) Re[Foe™"*" ]

The first equation » Re[x(w)Fpe '] = 70 [x* (w)e™ + y(w)e ™"]

The sec:‘roidteiugtion - % { [fooo dr ([P, Q(7)]) e—iw} et 4 [fooo dr ([P, Q(T)]) eiw] e_i‘“t}

?

[ Kubo formula xor(w) = = /OOO ([Q(T), P)) e*Tdr J

15



Fluctuation-dissipation theorem

Green’s function G$ p(t) = :F%H(it) (Q(t), P])  (+: retarded, —: advanced)

o
— —

oy 1 (> eaviside funci
— 0 (t<0 eaviside Ttuncuon

Kubo formula is re-written as:  Xor(w) = =G4 p(w) = —FAGSp(1)}
Fourier transform to w-space

Sar@@) = [ d (@), P) e

> Correlation function

Fluctuation-dissipation theorem:

(

Sor() = 15195 p(«) — Ggp(@)

See the lecture note for the calculation

16



Example of fluctuation-dissipation theorem

Gy(w) = 4kgTRe[Z (iw)]
= 4kgTR

Johnson-Nyquist noise
Thermal noise

Low pass 5 kHz

100 kHz

17



Random phase approximation (RPA)

External magnetic field: B(r,t) = B(q, )"'(q""—wt)

Hubbard model: I = Z t'L]CZSCjS +U Z nzTan,

1,7,8

Local magnetization (in 1
unit —gps ): S =3 Z > o(r —ri)clooapcip o = (03,0y,02)

Perturbation Hamiltonian: .72 (t) = guB/B(r,t) - S(r)d’r = gupS_q - B(q,w)e ™"

. A
Sq+ = Sqz +15gy = Z CLLTCLk+q¢,
Magnetization in g-space ~ Sq— = —1Sgy = Z ap | Ok+qt> \

Sq- = (1/2) Z(GLTak_FqT - a;rqakJqu-
k /

18



RPA: susceptibility

Kubo formula xor(w) = %/Ooo ([Q(T), P]) e™"dr

Correspondence P — guS_4 Q — guBSq

Susceptivility  --(a.) = ()5 [ dt{[S4-(0).S-g:]) €

X+-(q,w) = (QIJB)Z% /OOO di (| [STC S piwt

To calculate above, let us consider a sl ;
Green’s function Grq(t) = —i0(t) (lagy (t)aktqu(t), S—q-])

., O0G , ; >,
ih 3:(1 = —i0(?) ([e %)t/h[a’}tﬁak-l-qb He U S—q-]) +0(t)h ([aLT(t)ak_,_@(t), S—q-])

19



RPA: susceptibility (2)

Hubbard Hamiltonian 7 = J4 + 7w

[a};*rak—l-qu S—q-] = Z[CLLTak-l-qia aLf+q¢ak’T]
kf
T |
= OOkt — Ay q| k+ql>
[GLTGJH@» ] = (€ktq — Gk)aLTCLkJrqu

[0 coktqy, Hue] = (U/N) D lobiaksqy, of oroh. ik |0kl
k’lakQap

_ tot t
= —(U/N) | 3 Uit U, pyOhtqipl@ht + ) Oy 1Ok, g Oks Ok tal

k1,p ka,p
Mean field approximation — Z aL+pTak+q+p¢ (CLLT(II«:T) + Z GL¢ak+q¢ <0JL1T%1T>
- P k1
T T T T
Random phase approximation (RPA) Z Qg Ahetql (O, | Oksl) + Z Ot pt Okt q+pl (Opt gy Chtql)

ko p
20



RPA: susceptibility (3)

0Giq
ot

In paramagnetic state:  ih = (€k+q — €k)Grq(l)

— (U/N)({aly0k1) — (ah s 10k 1q1)) ) Clhp)a(t)

p
+ ({afganr) — (ah g heq1))o (D)
_ [ |
Fourier transformation:  Grq(w) = hjkl ffﬂw 1— Nzgpq(w)] fies = {@stis)
s Eata p Fermi distribution
function
- 2x9 (g, w)
_ 2 :
Summationonk  x1_(q,w) = N(gus) T 20 (q. )
Susceptibility of non- (©) (g ) = - S fe+ay — fit it (gpm)?
interacting system: 2N = hw + € = €hiq

21



Susceptibility of non-interacting system

h—1 Wavenumber unit: kg Energy unit: Ex

1 6)
— I p(er / k2dk / d(cos
2N —~ WA €hq — 1w+ q? —2kqgcosb

1 5 w+ q® + 2kq
_ ]
zp(EF)/O kdk%q %S 0¥ ¢ — 2kq

o 1 ’
Mathematical identity: / zlog(ax + b)dx = 7 [azQ — ( b)

a

log(ax +b) — — + —x

2
’ 2 2q |2 2q w+ g% —2q

v 1 —w + ¢° ? —w+¢* —2q
. — 1= ——— log > +
W+ q° + 2q

Boundary of Kohn anomaly: w = +(¢° £2¢)

:

22



Kohn anomaly, Stoner condition, SDW

Re[x”(q, 0)]

N =

qmax

=0

Stoner condition

In region I

tnlx g, )] = 222

Ry (g,0) = 2 L f (1 Y10 2114
p(gp) (@ > 0)

2x%(q,w)
_ =N ’ :

Magnetic order

1
UX(O) (qmaxﬂo) > 5

Amax 7 0 Spin density wave (SDW)

23



Summary

» Magnetism in 3d transition metals

 Slater-Pauling’s curve
 Density of states by APW method

» Kubo formula (linear response)

» Fluctuation dissipation theorem

» Random phase approximation (RPA)



Shlngo Katsumoto

3



Notification

Deadline for exercise 0629 is now 21st July.

Problems for the final report will be uploaded in the evening
of 14 July.
The deadline for the submission of report is 2nd August.



Review

» Magnetism in 3d transition metals

 Slater-Pauling’s curve
* Density of states by APW method

» Kubo formula (linear response)

» Fluctuation dissipation theorem

» Random phase approximation (RPA)



» Paramagnon theory
» Self-consistent renormalization spin-fluctuation

theory



Why and how we consider magnons in marginally paramagnetic meta

Itinerant electron magnetism Eﬁﬁ

» Hartree-Fock approximation for jellium model > overestimation of stability of ferromagnetism

* HFA for Hubbard Hamiltonian » Some successes. Explanation of Slater-Pauling curve
» Still has the overestimation problem

« Dynamic mean field approximation by random phase approximation

» Curie-Weiss law cannot be reproduced
» Finding of spin-density-wave (SDW) i.e. existence of spin
fluctuation (magnon)

Hypothesis to improve the approximation: Spin fluctuations exist in thermal equilibrium and lower the
energy of marginally paramagnetic states

Agenda: Hellmann-Feynman theorem to treat the effect of fluctuation, fluctuation-dissipation theorem



Paramagnons 1n “nearly ferromagnetic” materials
B-FeSe iron-based superconductor

Resonant inelastic x-ray scattering Rhan et at., PRB 99, 014505 (2019).

T 100 K in monolayer(?) anti-ferromagnetic order at 90 Kj
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Hellmann-Feynman theorem

Hamiltonian with parameter p  #(p) = % + 4 (p)

Normalized eigenstates ~ |p,n) with eigenenergy E,(p)

Variation in an eigenstate |p,n) caused by a small  |p + 6p, n) = |p,n) + Z Con Ip,m
variation ép in p is expressed as a linear
combination of {|p, m)}

Linear approximation ~ Cp, = ¢, 0p

Then taking the inner product (p + dp, n|p + dp,n) = |1 + ¢,,0p|* (p,n|p,n) + Z e |2 0D]? (p, m|p, m)
m=#n

Therefore c,, = 0 from the normalization condition. Hence C,, = 0 within the linear approximation in dp.

Within linearin8p  (p + 0p|5 (p)|p + 6p) = (p|.7€(p)|p) = En(p)

(Other contribution should be in the second order of §p.)



Hellmann-Feynman theorem (2)

Then the shift in the eigenenergy is given by E,.(p + ép) = (p + dp,n|F (p + dp)|p + dp, n)

= <p+5p,n

= E,(p) + dp <p, n

0 (p)
Jp

dE, (p)
dp

Hellmann-Feynman theorem

(o

074 (p)

)

Free energy of the system under consideration: F (p)

)



Paramagnon theory

Hamiltonian ¢ = J% + 5Z7  Interaction Hamiltonian with interaction parameter |

1
: : : 07
Introduction of interaction I': 0 - I  F'(I) :F(O)+/ < 8; >dI’
0

We consider paramagnon (spin-fluctuation) contribution to specific heat

N
Hubbard Hamiltonian % = Y _ exal aps + U Y hpiyy = 5 + A
k,s 7

Fourier expansion ¢, — \/Lﬁ Z ¢iRik g,
k

U i i
T = N Z ak+qTak¢ak,_q¢akf¢ [ = U/N
L Interaction parameter

S—l—(Q) — ZGJLTakH-qia )
Up/down operators k

S_(q) = Za2¢akz+qT
k

/ 9



Paramagnon theory (2)

The interaction Hamiltonian can
be developed as

Change of summation
representation

+ \
D Uik tal,
k
_ f
= Z AR Ake+qt
k

_ f IR Fermion
e Ikzk’:q st 1 OW ' k1) commutation relation
_ i f i
=1 D Ggant = Y Gk qp k10 _g Okt
k,k’ k.,k’,q

q— —q+k —k

k+q—k—q+k'—k=kK —gq

|

k' —q—k+q
Z a};T%T Z ak' a'ﬂ’¢“'Ji'c+q¢““ﬂT
k k’ k.k’.q
Z W et — Z St(~@)S—(q)| =1|)_ ajyart — Z 5+(9)5-(—9)
k k’ k.k’

10



Paramagnon theory (3)

Hr =1 Z Apy Okt — Z S+(q } does not change by spin inversion in paramagnetic state
k,k’
Y NU
Then can be written ina form 777 = 5 q),S-(—q)}+
{A,B}, = AB+ BA
anti-commutation relation
- NU 1 !
Variation of free energy AF = > dl' ({S+(q),S_(—q)}+)
0

e_)BEn — e_ﬁEm

E, — E, + hw+1in

Remember retarded Green’s function QQ plw) = Z (n|@Q|m) (m|P|n)

n,m

By writing a parallel expression for an
advanced Green’s function, we can obtain gg p(w) —Ggop(w) = —2idm[xgpr(w)]



Paramagnon theory (4)

2
Fluctuation-dissipation  Sgp(w) = T Im[xgp(w)]

Linear response X+ (¢,w) = —(gus)* /O dt ([S_(—q), S+ (q,1)]) e

Let [n) be a many-body eigenstate with eigenenergy E,,

2
™™g
tnfxs—(g.)] = "B S (s 00)0(w — AL /1) (n]S_(~a) m) (]S () )
Boltzmann factor p, = E exXp [—k T] ) AEmn =FE, — k£,
B

See Appendix 14A for the derivation of the above equation

Multiply both sides with coth(Swh/2) and integrate with w

12



Paramagnon theory (5)

Then from AF =

/ dwImy (g, w) coth (

NU %Z/o dI' ({S.(q), S_(—¢q)})

2

_ 7T(9/~LB)2

m,n

hw

)
2L S pu) ot (S22 ) (ulS-(~a)lm) (]S (@)

kT

_ 7(gpm)’ {S-(—q),S+(@)}+)

h

AF =

N.U L B hw
e _ § J d th I _
> q /0 d o | W CO (QkBT) m|x 4 (q,w)]

RPA expression

AF

_NU

2

X‘I'_(wa) = N(gl‘l’B)

q

2

2x (9 (q,w)

B

1 [ hw
+Z;fo dwcoth(k T

) Im{log[1 — 2Ux'”(q,w)]}

13



Paramagnon theory (6)

In order for calculation of specific heat we pick up temperature-dependent part from the free energy variation.

N

hw 2 _ : :
coth T —_|1_+ ha/keT — ] Param?gnon zero-point motion and ignored

Contribution from region-111 is the largest, where we can expand

2
hw k 1
() “C@f] A= Gs

X (g,) = 5pler)

a = Up(er)

G
AF(T) = —p €p EF/ 2dq/ dw

Im {log (1 — o+ aA0q2 — iaC’og)]
q

dc
2 2 W O()
= —— d d t
5 P(GF)GF/O q Q/O W@@ | arctan {q K2 + Ayq? ]
h—1 Wavenumber unit: kg Energy unit: Ex

Cutoff g, ~ 1 ngl_a

14
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Paramagnon theory (7)

Low temperature approximation w <1 arctanx ~ x

AF(T) 272 , Co K§ + Aoq?
- kpT 1 -
. . 2 2
Because the free energy Is propovr\t(laocr:]:; tf\’/:te C=~T, ~o= z%k% p(ep)  Free electron expression
Co KS + A0q2
— 1+ ——1 -
v 10 ( + TFAO 08 Kg

Logarithmic divergence for the Stoner condition « — 1, K¢ — 0

15



Self-consistent renormalization spin fluctuation theory

In paramagnon theory, we take the effect of spin-fluctuation (magnon) into account.
However, the effect of magnons should be reflected back to magnons and they should be self-

consistent.
Otherwise, we cannot treat ferromagnetic cases, in which spontaneous magnetization appears.

Free energy in the presence of magnetization

2
Non-interacting Zeeman

N, | h
F(M,T) = Fo(M,T) + []——bﬁf—— ][ dIﬁ——b/lﬂucoﬂl * Im[x,_ (M, I';q,w)]
q 0 2m QkBT

OF(M,T)
M

Magnetic equation of state — (0  — determines spontaneous magnetization

hw
2kgT

) nfxs (M, 0; )]

HF approximation is expressed ~ N.U 1 [
in these terms AFur = 5 IZ or | dw coth
q

16



SCR-SF theory (2)

a% N N
Non-interacting starting point derivative: <_> — NZ (nitniy) _g = N Z (nir) (ngy)
I— . .

01
N? N2 N?Z
Sl = n) = S - (2m)?) = o - M
where ny =n4s+n;, n_ =ny —ny, m:%
N2
F(M,T)=Fy(M,T) —I—I( ) —bM : HF Approximation

_Z/ dll_/ dw coth —Im[ (M, I';q,w) — x4+-(M,0;q,w)] : Correction

N2
We apply RPAtO x+_ F(M,T) = Fo(M,T) + I ( n ) — bM
— z 5 / dw coth —Im[log{l —2Ux\9(M; q,w)} + 2Ux " (M; q,w)].
i

1
+—(M,0;q,w)

O)(prr-
X ( ) q7 ) 2N ) 17



SCR-SF theory (3)

To obtain magnetic equation of state, we take differentiation by m = M /N

OF)

1 1 [ hw 20O (M;q,w) . OxV(M;q,w)
—2Um —b— — — d th I 2U =0
NOm i qu: 2 /_OO w0 2kT o [1—2UX(0)(M;q,w) om
_gm 1 _ 9
X= x Om
i i i i o 4y then 010 _ 1
Magnetic equation of state for non-interacting system = 9 B NomE - xa
In paramagnetic case
L1 o7
X xo Square of spin-fluctuation
1 1 [ Fico Ignored
- =N = h 2U)2
NZQW f_oodwcot QkBT( U) 1
q
X (q,w) ) 1 N (qw)|
X lm [X((Lw) Om?2 - + X ((],&J) {W(qaw) oOm. ‘m:()}

18



SCR-SF theory (4)

9?x (q,w)
Oom?

Coupling constant g = —(2U)*xo ‘
m=0,g=0,w=0

X0 g 1 o© hw
= =1-2U — — d th 1 :
- Wty s, | dweoth 5 tmix(q.)

Application of RPA — Breakdown of self-consistency

X0 g 1 [
— =1-2 — — I _
T=0  7—o Uxo+ 5 Zq: - /O dwIm[x(q, w)] =0

Correction of overestimation of stability in ferromagnetic state

Ignore magnon zero-point 22 — X0 9 Zl/w o ——2 Im[x(q,w)]
x(T =0) N =7 Jo ehwB — 1

motion X

2
: X0 X0 q ., w kp Self-consistent
Expansion around (0,0 = A — 1 — — L

P (0.0) x(g,w)  x(+0,40) i ( ) s q determination of y

19



Improvements by SCR-SF theory

0.15

X /X
o
=

0.05

Temperature dependence of susceptibility

Tc=0.05

0.04

0.03

-
-
——

Molecular field approximation (x1/5)

Critical temperature vs interaction parameter

20



Problems in SCR-SF theory

Qs

0l

Te =000l

ama—
—— =
—
— -
a—
- ——

Makoshi & Moriya, JPSJ 38, 10 (1975).

(Cy=Cheo)/ T (mj/KZ-g-atom)
Q

—— —— s

TN A
i {Mkl IIIF o og®

Takeuchi & Masuda, JPSJ 46, 468 (1979).
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Enhanced thermopower due to spin fluctuation

N e B B ———————j%0 Weak ferromagnet
0.4k €,V090rg 1Al 991y 4 T=10K A Fezvo.ecro.iA'o,QSio.l d
gum— 2 8 8 8 8 0 04 H=1T ‘f- 50
ok o B y 5t 1 [ § laoz Spin fluctuation enhancement around T,
g ..p»““‘ 150 '(' . S 03} "‘ E
g . o < - ¢ 303
2 oz} - o d 2,0 e | = Enhancement of entropy
s g T s $ 20 2
. e 300K
= . B o1 ‘\ 10 Magnon drag effect
o.of’: 5 3 4 & 00 "0 200 300
H (T) T (K)
C 700 D
‘ 0 O
9 | o
650f -10f Fo1hgteh )
| i N
g L B ool Ly \
G 600 §_ T(K)3oo
T':" i =_30}
pan 1%}
550} a0} !
. . “ggk Fe;Vp 9Cro.1Alg Sip 1 1
500 1 L " 1 n | " 1 i 1 A 1
0 100 200 300 0 100 200 300
T (K) T (K)

Tsuji et al. Science Advances 5, eaat5935 (2019). -



| ecture review

Chapter 1 Basic Notions of Magnetism

Breakdown of classical magnetism: cancellation of paramagnetic and diamagnetic terms
(Bohr-van Leeuwen theorem)

Quest for the sources of magnetic dipoles in materials.

Spins and spin-orbit interactions

Chapter 2 Magnetism of Localized Electrons

Electronic states of magnetic ions » LS (J-j) coupling, Hund’s rule

» Ligand field

Magnetic resonance > Spin Hamiltonian

23



| ecture review

Chapter 3 Magnetism of conduction electrons

Pauli paramagnetism
Landau diamagnetism

Chapter 4 Interaction between spins
Exchange interaction » Heisenberg Hamiltonian

» Hubbard model

Superexchange interaction » Spin Hamiltonian

Chapter 5 Theory of magnetic insulators

Chapter 6 Magnetism of itinerant electrons

24
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Notification

Deadline for exercise 0629 is now 21st July.

Problems for the final report will be uploaded in the evening
of 14 July.
The deadline for the submission of report is 2nd August.
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